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When a measurement is compatible with each of two other measurements that are incompatible
with one another, these define distinct contexts for the given measurement. The Kochen-Specker
theorem rules out models of quantum theory that satisfy a particular assumption of context-
independence: that sharp measurements are assigned outcomes both deterministically and inde-
pendently of their context. This notion of noncontextuality is not suited to a direct experimental
test because realistic measurements always have some degree of unsharpness due to noise. However,
a generalized notion of noncontextuality has been proposed that is applicable to any experimen-
tal procedure, including unsharp measurements, but also preparations as well, and for which a
quantum no-go result still holds. According to this notion, the model need only specify a proba-
bility distribution over the outcomes of a measurement in a context-independent way, rather than
specifying a particular outcome. It also implies novel constraints of context-independence for the
representation of preparations. In this article, we describe a general technique for translating proofs
of the Kochen-Specker theorem into inequality constraints on realistic experimental statistics, the
violation of which witnesses the impossibility of a noncontextual model. We focus on algebraic
state-independent proofs, using the Peres-Mermin square as our illustrative example. Our tech-
nique yields the necessary and sufficient conditions for a particular set of correlations (between the
preparations and the measurements) to admit a noncontextual model. The inequalities thus derived
are demonstrably robust to noise. We specify how experimental data must be processed in order to
achieve a test of these inequalities. We also provide a criticism of prior proposals for experimental
tests of noncontextuality based on the Peres-Mermin square.
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I. INTRODUCTION
Ontological models of quantum theory are an attempt
to explain the statistical predictions of quantum theory.
They take every system to be associated with a space of
possible physical states, termed ontic states, every quan-
tum state to be represented by a statistical distribution
over these ontic states, and every measurement to be rep-
resented by a conditional probability distribution for the
outcome given the ontic state [1]. Hidden variable models
are examples of ontological models, but so is the physi-
cist’s orthodox conception of quantum theory, wherein
the ontic states are simply the pure quantum states, not
supplemented by any additional variables.1
The principle of noncontextuality is an assumption
about ontological models that seeks to capture a no-
tion of classicality. It started its life as an assumption
about outcome-deterministic ontological models of quan-
tum theory, that is, ontological models wherein the out-
come of every measurement was fixed deterministically
by the ontic state (in contrast to the orthodox concep-
tion). This assumption was famously demonstrated to be
in contradiction with the predictions of quantum theory
by Kochen and Specker [2] and Bell [3]. The Kochen-
Specker theorem is one of the strongest constraints on
the intepretation of quantum theory. Furthermore, fail-
ing to admit of a noncontextual model appears to be a
resource. For instance, in the context of the state injec-
tion model for quantum computation [4, 5], the failure
of noncontextuality has been shown in some cases to be
necessary for achieving universal quantum computation
[6, 7].
In Ref. [8], a generalized notion of noncontextuality
was proposed. For measurements, it constitutes a relax-
ation of what was assumed by Kochen-Specker and by
Bell. Specifically, it allows the assignment of measure-
ment outcomes by ontic states to be indeterministic. In
this way, it redefined the notion of noncontextuality for
measurements in a way that excised the notion of deter-
minism. This is desirable from a foundational perspective
as it allows one to separate the issue of noncontextual-
ity from that of determinism (recall that Bell’s notion
of local causality does not presume that the outcomes
of measurements are fixed deterministically). Addition-
ally, it can be shown that the assumption of outcome de-
terminism is unwarranted for any unsharp measurement
1 The latter is termed the ψ-complete ontological model in Ref. [1].
(i.e., a measurement for which one cannot find a basis of
preparations relative to which it is perfectly predictable),
and every measurement appearing in a real experiment is
of this sort [9]. As such, this generalization is important
if one hopes to turn the proven theoretical advantages for
computation into practical advantages, because in prac-
tice, sharpness is an idealization that is never strictly
satisfied.
Although the revised notion of noncontextuality yields
a weaker constraint on the representation of measure-
ments in the ontological model than did the traditional
notion2, it naturally applies not only to measurements
but to preparations as well, and thereby implies novel
constraints on how quantum states can be represented
by distributions over ontic states in the model.3 It was
argued in Ref. [8] that whatever motivations can be given
for assuming noncontextuality for one type of procedure,
such as a measurement, this same motivation can be
given for assuming it of any other type of procedure, such
as a preparation. Consequently, the only natural assump-
tion to consider in this approach is that the revised notion
of noncontextuality applies to all procedures. This as-
sumption is termed universal noncontextuality or simply
noncontextuality. We will henceforth refer to the tradi-
tional notion of noncontextuality as KS-noncontextuality
(for Kochen-Specker) to avoid any confusion.
In Ref. [8], it was shown that quantum theory does not
admit of a universally noncontextual ontological model.
It was also demonstrated that if one replaces the assump-
tion of KS-noncontextuality for measurements with the
assumption of universal noncontextuality for all proce-
dures, the relaxation of the constraints on the represen-
tation of measurements is compensated by the strength-
ening of the constraints on the representation of prepara-
tions in such a way that any proof that quantum theory
fails to admit of a KS-noncontextual model can be trans-
lated into a proof that it fails to admit of a universally
noncontextual model.
Much of the research on noncontextuality to date has
centered on the question of whether quantum theory ad-
mits of a noncontextual model. A more general ques-
tion, which has been the impetus for much recent work,
is whether one can devise a direct experimental test of the
assumption of a noncontextual ontological model, one
that is independent of the validity of quantum theory.
Just as a Bell inequality is a constraint on experimen-
tal statistics that follows directly from the assumption
of a locally causal ontological model, without any ref-
erence to the quantum formalism, what one wants of a
test of noncontextuality is a constraint on experimental
2 A consequence of this relaxation is that, by its lights, the ψ-
complete ontological model is found to represent measurements
noncontextually. However, it fails to represent preparations non-
contextually, as noted in Ref. [8].
3 It also implies novel constraints on how quantum channels can
be represented by conditional probability distributions from the
space of ontic states to itself.
3statistics that follows directly from the assumption of a
noncontextual ontological model, without any reference
to the quantum formalism. Such constraints will here
be termed noncontextuality inequalities. If experimental
statistics are found to violate these inequalities, then one
can conclude that not just quantum theory but any op-
erational theory that can do justice to the experimental
statistics—and therefore nature itself—must fail to ad-
mit of such a model, thereby constraining the form of all
future physical theories.
The generalized notion of noncontextuality proposed
in Ref. [8] was defined in such a way as to be applicable
to any operational theory, not just quantum theory, such
that if an experiment yields data supporting an opera-
tional theory distinct from quantum theory, the question
of whether it admits of a noncontextual model is still
meaningful. The definition asserts that an ontological
model of an operational theory is noncontextual if two
experimental procedures that are statistically indistin-
guishable at the operational level are statistically indis-
tinguishable at the ontological level. They key point is
that the notion of statistical indistinguishability at the
operational level can be assessed in any operational the-
ory4.
It has been shown that violations of noncontextuality
inequalities defined in terms of this notion can imply ad-
vantages for information processing which are indepen-
dent of the validity of quantum theory. For example,
they imply an advantage for the cryptographic task of
parity-oblivious random access codes [10–12]. Such in-
equalities also hold promise for making the results on
quantum computational advantages discussed above ro-
bust to noise and for expressing the origin of the advan-
tage in a manner that is independent of the validity of
quantum theory.
Several recent works have considered the question of
how to derive noncontextuality inequalities and how to
subject them to experiment test [13–15]. The present
work is concerned with a special case of this problem,
namely, how to derive noncontextuality inequalities start-
ing from any given proof of the Kochen-Specker theorem,
that is, from a proof of the failure of KS-noncontextuality
in quantum theory. As noted above, Ref. [8] showed
how, in general, to convert a proof of the failure of KS-
noncontextuality in quantum theory into a proof of the
failure of universal noncontextuality in quantum theory,
so the outstanding problem is how to convert a proof
of the failure of universal noncontextuality in quantum
theory into an operational noncontextuality inequality.
Note that any test of noncontextuality that is devised
from a particular no-go theorem requires an experimen-
4 The fact that the notion of statistical indistinguishability is ap-
plicable not just pairs of measurements, but to pairs of prepara-
tions and transformations respectively as well, is what allows the
generalized notion of noncontextuality to be applicable to these
other procedures.
talist to target a particular set of preparations and a par-
ticular set of measurements, each with specified relations
holding among their members (we will say more about
the nature of these relations in due course). A more
general version of the problem, however, is to figure out
how to infer from any experimental data—that is, from
an experiment that was not designed to target particular
preparations or measurements or any particular relations
among them—whether or not it admits of a noncontex-
tual model. Because a test of noncontextuality is a test of
classicality, having the capability to test the assumption
of noncontextuality on any experimental data is clearly of
greater utility than merely knowing how to implement a
dedicated experiment for testing the hypothesis of non-
contextuality. Pusey [15] identified the conditions that
are both necessary and sufficient for the existence of a
noncontextual model for experimental data derived from
the simplest experimental scenario in which such condi-
tions are expected to be nontrivial. Unfortunately, this
simplest scenario does not arise within operational quan-
tum theory5. Extending Pusey’s analysis to more general
scenarios is an important open problem.
Nonetheless, there are also advantages to building sets
of noncontextuality inequalities from specific proofs of
the Kochen-Specker theorem, because such proofs have
nontrivial structural properties. Different proofs—and
there is now a great diversity of these—capture what is
surprising about the failure of noncontextuality in differ-
ent ways, and these intuitions are likely to be helpful in
identifying the applications thereof.
We here focus on deriving noncontextuality inequali-
ties from state-independent proofs of the Kochen-Specker
theorem.
Ref. [14] has already demonstrated how one can derive
one such inequality from any state-independent geomet-
ric proof of the Kochen-Specker theorem, that is, any
proof expressed in terms of an uncolourable set of rays.
Here, we extend this work in two important ways: (1)
we provide a technique for finding all of the noncontex-
tuality inequalities that apply to a certain set of corre-
lations starting from any state-independent proof of the
Kochen-Specker theorem, and (2) we show how to do so
for proofs that are expressed algebraically rather than ge-
ometrically. We expand on each of these points presently,
in reverse order.
The distinction between geometric and algebraic
proofs of the failure of KS-noncontextuality in quan-
tum theory is not fundamental because one can convert
5 Recall that a set of measurements is said to be tomographically
complete for a system if the statistics for any measurement on the
system can be computed from the statistics of the measurements
in this set. Pusey’s simplest scenario is one wherein a tomo-
graphically complete set of measurements consists of just two
binary-outcome measurements. This scenario does not arise in
operational quantum theory, because the simplest quantum sys-
tem, a qubit, requires three binary-outcome measurements for
tomographic completeness.
4any algebraic proof into a geometric form and vice-versa.
Nonetheless, each proof style has its advantages. The
first known proofs were geometric uncolorability proofs.
Algebraic proofs arose later, but in many respects they
have a logic that is easier to grasp. Indeed, the paradigm
example of a proof of the Kochen-Specker theorem is
now arguably the algebraic version of the Peres-Mermin
square proof [16, 17], which will be the example we focus
on here.
Furthermore, the algebraic structure suggests gener-
alizations of these proofs that might not be obvious
from the geometric perspective [18, 19]. Although one
could derive a noncontextuality inequality for the Peres-
Mermin square by first expressing the latter as a geomet-
ric proof (as in Ref. [16]) and then applying the technique
described in Ref. [14], it is more useful to have a tech-
nique for deriving noncontextuality inequalities that is
native to the algebraic approach. We here provide such
a technique.
In order to turn a proof of the failure of universal non-
contextuality in quantum theory into a noncontextuality
inequality, one must operationalize the description of the
experiment provided in the no-go theorem, purging it of
any reference of the quantum formalism, and one must
robustify the constraints on experimental data that are
derived from noncontextuality, which means that these
constraints must provide quantitative bounds that can be
violated in principle even if the experimental operations
are noisy. This progression was achieved in Ref. [14],
but the resulting inequality provided an upper bound
on just a single operational quantity (an average, over
certain preparation-measurement pairs, of the degree of
correlation between them). The technique described in
the present article goes much further towards providing a
means of deriving all of the noncontextuality inequalities
that hold for a given set of preparations and measure-
ments. Although we focus on a subset of the correlations
between preparations and measurements that arise in the
construction, for this restricted set of experimental data,
satisfaction of the inequalities that we derive is both nec-
essary and sufficient for the existence of a noncontextual
model.
Finally, we note a difference in the way experiments are
described in this article relative to previous treatments
of inequalities for universal noncontextuality [10, 13, 14].
We here use the notion of a source, that is, a process
which samples a classical variable from a distribution,
chooses which preparation procedure to implement on
the system based on the value sampled and outputs both
the system and the variable. This choice ensures that our
derived noncontexuality inequalities are easier to com-
pare with Bell inequalities.
The remainder of the paper is structured as follows.
In Section II, we provide an overview of operational
theories (II.A) and ontological models (II.B). In par-
ticular, we discuss the concepts of operational equiva-
lence and of compatibility (applied to measurements and
sources) and illustrate the concepts with quantum exam-
ples. We provide formal definitions of measurement non-
contextuality and preparation noncontextuality, in par-
ticular, a characterization of these assumptions in terms
of expectation values for the outcomes of measurements
and sources given the ontic state.
In Section III, we review the well-known proof of the
failure of KS-noncontextuality in quantum theory based
on the Peres-Mermin square (III.A), and we show how to
translate this no-go theorem into one that demonstrates
the failure of universal noncontextuality in quantum the-
ory (III.B).
Section IV is the heart of the article, describing our
technique for turning quantum no-go theorems into op-
erational noncontextuality inequalities. In the first sub-
section (IV.A), we operationalize the description of the
quantum measurements and sources that appear in the
Peres-Mermin-inspired proof of the failure of universal
noncontextuality, thereby obtaining a notion of a Peres-
Mermin experimental scenario that is purged of any ref-
erence to quantum theory. This provides a template for
how to achieve this operationalization for any such con-
struction. The following five subsections (IV.B-IV.F) de-
scribe how to derive noncontextuality inequalities from
such an operational construction, using Peres-Mermin as
the illustrative example. We also show how the ideal
quantum realization of the measurements and sources
in the Peres-Mermin scenario violate these inequalities
(IV.F.1), and we demonstrate the robustness of these in-
equalities to noise (IV.F.2), by showing how they can
be violated by partially depolarized versions of the ideal
quantum realizations of the measurements and sources.
In Section V, we clarify what must be done experimen-
tally in order to test the noncontextuality inequalities we
have derived, and in Section VI we provide our conclud-
ing remarks.
Appendix A discusses the problem of computationally
converting between the vertex and halfspace represen-
tations of a polytope., Appendix B discusses the sym-
metries of our noncontextuality inequalities under de-
terministic processings of the experimental procedures,
and Appendix C demonstrates that a certain class of in-
equalities on experimental statistics are trivial. Finally,
Appendix D reviews a previous proposal for how to im-
plement an experimental test of noncontextuality based
on the Peres-Mermin square, and argues against its ade-
quacy.
II. PRELIMINARIES
A. Operational concepts
1. Operational theories
The primitive elements of an operational theory are
preparations and measurements, each specified as lists of
instructions to be performed in the laboratory.
A source is a device that implements one of a set of
5preparation procedures on a system, sampled from some
probability distribution, and has a classical outcome that
heralds which preparation has in fact been implemented.
(The use of the term “source” to refer to such a device
is conventional in both classical and quantum Shannon
theory, where it is the standard way of modelling the
input to a communication channel [20].) We will denote
a source by S and the variable describing its classical
outcome by s.
A measurement, denoted M, accepts as input a system
and returns a classical outcome, denoted by the variable
m.
An operational theory provides an algorithm for com-
puting the probability distribution for the outcome of
any measurement acting on any preparation, and conse-
quently it allows the computation of the joint probability
distribution over the outcome of any measurement M and
the outcome of any source S, pr{m, s|M,S}. We refer to
this as simply the joint distribution on the measurement-
source pair (M,S).
2. Operational equivalence
Consider two measurement procedures, M1 and M2,
whose outcomes are random variables, denoted m1 and
m2 respectively. M1 and M2 are said to be operationally
equivalent if they define the same joint distribution for
all possible sources:
∀S : pr{m1, s|M1,S} = pr{m2, s|M2,S}. (1)
Letting M denote an operational equivalence class of
measurements, we can express the operational equiva-
lence of two measurements M1 and M2 by specifying that
they belong to the same class,
M1,M2 ∈M. (2)
Similarly, two sources, S1 and S2, whose outcomes are
random variables s1 and s2 respectively, are said to be
operationally equivalent if they define the same joint dis-
tibution for all possible measurements:
∀M : pr{m, s1|M,S1} = pr{m, s2|M,S2}. (3)
Letting S denote an operational equivalence class of
sources, we can express the operational equivalence of
two sources, S1 and S2, by stipulating that they are in
the same class,
S1,S2 ∈ S. (4)
Because the joint distribution pr{s,m|M,S} is com-
putable from the operational theory, so too is the cor-
relation between the outcome s of the source S and the
outcome m of the measurement M,
〈sm〉M,S =
∑
s,m
sm pr{s,m|M,S} . (5)
Such correlations will be the quantities appearing in our
noncontextuality inequalities.
3. Compatibility
In this section, we briefly review the notion of com-
patibility. The interested reader is pointed to [21] for a
detailed overview.
Informally, two or more devices are said to be com-
patible if their output can be obtained by classical post-
processing of the output of a single device. More pre-
cisely, one can define the notion of compatibility in terms
of a notion of simulatability.
Consider two measurements, M and M′, which accept
an input system and output random variables m and m′
respectively. We say that M can simulate M′ if there
exists a conditional distribution pr{m′|m} such that
∀S : pr{m′, s|M′,S} =
∑
m
pr{m′|m} pr{m, s|M,S}. (6)
Two measurements M1 and M2 are said to be compatible
if both of them can be simulated by some third measure-
ment M, that is, if there exists pr{m1|m} and pr{m2|m}
such that
∀S : pr{m1, s|M1,S}=
∑
m
pr{m1|m}pr{m, s|M,S},
∀S : pr{m2, s|M2,S}=
∑
m
pr{m2|m}pr{m, s|M,S}.
(7)
Similar definitions hold for sources. We say that a
source S with classical outcome s simulates source S′ with
classical outcome s′ if there exists a conditional distribu-
tion pr{s′|s} such that
∀M : pr{m, s′|M,S′}=
∑
s
pr{s′|s}pr{m, s|M,S}. (8)
When it comes to defining a notion of compatibility of
sources, there is a nuance relative to the case of measure-
ments. The definition we adopt will apply only to those
pairs of sources, S1 and S2, that are operationally equiv-
alent when one marginalizes over their outcomes, that is,
it presumes that S1 and S2 are such that
∀M :
∑
s1
pr{m, s1|M,S1} =
∑
s2
pr{m, s2|M,S2}. (9)
Every set of sources we consider in this article will have
this property. Two such sources, S1 and S2, are said to be
compatible if there exists a third source S that simulates
them both, that is, if there exists pr{s1|s} and pr{s2|s}
such that
∀M : pr{m, s1|M,S1}=
∑
s
pr{s1|s}pr{m, s|M,S},
∀M : pr{m, s2|M,S2}=
∑
s
pr{s2|s}pr{m, s|M,S}.
(10)
It is instructive to consider what these notions of com-
patibility correspond to in quantum theory.
6Recall that every measurement in quantum theory
is represented by a positive operator-valued measure
(POVM) whose elements are labelled by the outcome m,
that is, by {Em}m where ∀m : Em ≥ 0 and
∑
mEm = 1.
Every source in quantum theory is represented by
an ensemble of subnormalized quantum states {psρs}s
where ∀s : ρs ≥ 0,Tr(ρs) = 1 and ps is a probability dis-
tribution over s. In other words, the ensemble {psρs}s
defines the source that samples s from the probability
distribution ps, then prepares the quantum system in the
normalized state ρs and outputs s as its outcome.
If a measurement M is represented by the POVM
{Em}m and a source S is represented by the ensemble
{psρs}s, then the probability of the source generating
outcome s and the measurement generating outcome m
is given by the Born rule as pr{m, s|M,S} = Tr(Empsρs).
Substituting this Born rule expression into Eq. (7), we
infer that if two measurements, associated to POVMs
{Em1}m1 and {Em2}m2 , are compatible, then there ex-
ists a third POVM {Em}m and conditional distributions
pr{m1|m} and pr{m2|m} such that
Em1 =
∑
m
pr{m1|m}Em,
Em2 =
∑
m
pr{m2|m}Em.
For two quantum sources, associated to ensembles
{ps1ρs1}s1 and {ps2ρs2}s2 , the property that ensures the
applicability of our definition of compatibility, Eq. (9), is
that the two ensembles define the same average state6,∑
s1
ps1ρs1 =
∑
s2
ps2ρs2 . Substituting the Born rule ex-
pression into Eq. (8), we infer that if the two quantum
sources are compatible, then there exists a third ensem-
ble {psρs}s and conditional distributions pr{s1|s} and
pr{s2|s} such that
ps1ρs1 =
∑
m
pr{s1|s}psρs,
ps2ρs2 =
∑
m
pr{s2|s}psρs.
(11)
Note that the notion of compatibility for quantum
measurements that we have articulated above [22] con-
cerns only their retrodictive aspect and makes no refer-
ence to how the quantum state of a system evolves as a
result of the measurement. In other words, it is sufficient
6 The specialization of our notion of compatibility to the quantum
case allows us to clarify our motivation for restricting the scope
of the notion to pairs of sources satisfying Eq. (9): if we did not
restrict the notion in this manner, then two sources could be in-
compatible simply by virtue of averaging to different states, while
the component states in the two sources were all diagonal in the
same basis. For the purposes of evaluating the possibility of a
noncontextual model, one prefers to have a notion of compatibil-
ity wherein sources being incompatible guarantees that they are
not jointly diagonalizable.
to know which POVM is associated to the measurement,
while the instrument that is associated to it, i.e., the set
of update maps for each outcome, is irrelevant (indeed,
it is not even required that there be an update map—the
quantum system could be destroyed in the measurement
process). This contrasts with the notion of compatibility
that is the focus of many other works seeking to devise
experimental tests of noncontextuality [23], where two
measurements on a system are deemed compatible if im-
plementing them in one temporal order gives the same
statistics as implementing them in the opposite tempo-
ral order. The joint-simulatability notion of compatibil-
ity articulated above pertains not just to sharp measure-
ments (represented by projector-valued measures) but to
all unsharp measurements as well (represented by posi-
tive operator-valued measures). In particular, it allows
nontrivial compatibility relations among unsharp mea-
surements that are associated to POVMs wherein the dif-
ferent elements of the POVM do not commute with one
another, whereas such POVMs need not even compatible
with themselves according to the temporal-reordering no-
tion of compatibility. The wide scope of applicability of
the joint-simulatability notion of compatibility makes it
particulary well-equipped to contend with experimental
noise and imperfections in tests of noncontextuality.
A given POVM defines an operational equivalence class
of measurements insofar as it can be implemented in
many different ways. This is because any given POVM
is generally compatible with many other POVMs which
are not compatible with one another, and for each such
compatible set of POVMs, there is a different experimen-
tal procedure, and hence a different concrete realization
of the given POVM. The compatible set of which the
POVM is considered a part is therefore an example of
a measurement context. Note that if one particularizes
the definition of compatibility to projector-valued mea-
sures, then the condition for compatibility becomes com-
mutativity of the associated observables, and we recover
the standard notion of a measurement context of an ob-
servable as the commuting set of observables of which
it is considered a part. The important point, however,
is that in addition to recovering the standard notion of
measurement context for sharp (i.e., projective) measure-
ments, one has a notion of measurement context also for
unsharp measurements.
In a similar fashion, a given ensemble of quantum
states defines an operational equivalence class of sources
because it too can be implemented in many different
ways, depending on which compatible set of ensembles it
is considered to be a member of. The compatible set of
ensembles of which it is a member constitutes the source
context. It will later be useful to distinguish between
sharp and unsharp quantum sources, where sharp sources
are those consisting entirely of states that are normalizd
projectors. Clearly, the notion of compatibility of sources
that we have introduced applies equally well to sharp and
unsharp quantum sources, just as the notion for measure-
ments applies to the sharp and unsharp cases alike.
7B. Ontological concepts
1. Ontological models
As proposed in Ref. [8], generalized noncontextuality
is a constraint on an ontological model of an operational
theory. An ontological model is an attempt to reproduce
the predictions of the operational theory by imagining
that the correlations between the outcome of the source
and that of the measurement are explained by the phys-
ical system that acts as a causal mediary between them.
All of the physical attributes of the system at any given
point in time is termed the ontic state of the system at
that time. We shall denote this by λ, and the space of
all possible ontic states of the system will be denoted by
Λ.
Consider the most general way of representing a mea-
surement procedure M in an ontological model. The out-
put m might not be completely determined by the ontic
state λ of the system. Instead, specifying M might only
specify the conditional probability of obtaining output
m if the system is in the ontic state λ. This could arise
because of objective indeterminism or because the out-
come of the measurement depends not only on the input
system but also on degrees of freedom of the measure-
ment apparatus. We denote this conditional probability
by ξ (m|λ,M) and refer to it as the response function
associated to M.
Similarly, the most general way of representing a
preparation procedure in an ontological model is to allow
that the preparation does not uniquely fix the ontic state
of the system, but rather that the ontic state might only
be sampled probabilistically from a distribution that is
specified by the preparation. This implies that the most
general way of representing a source S in an ontological
model is as a joint distribution over its outome s and the
ontic state λ that it outputs, µ(λ, s|S).
The purpose of an ontological model for an operational
theory is to reproduce the statistics of that theory. This
occurs if the ontological model is such that for all sources
S and measurements M,
pr{m, s|M,S} =
∑
λ∈Λ
ξ (m|λ,M)µ(λ, s|S) . (12)
It is useful to express the connection between the on-
tological model and the operational theory in terms of
expectation values as well.
The expectation value of outcome m of measurement
M for the ontic state λ is
〈m〉λ,M ≡
∑
m
m ξ (m|λ,M) . (13)
The expectation value of outcome s of measurement S for
the ontic state λ is a retrodictive expectation value and
so is a bit more subtle to express. Consider a source S
with classical outcome s that is associated with the joint
distribution µ(λ, s|S). What probability ought one to
assign to the outcome variable s having taken a particular
value if one knows that the ontic state emitted by the
source was λ? The answer is given by a simple Bayesian
inversion:
µ(s|λ, S) = µ(s, λ|S)
µ(λ|S) (14)
where
µ(λ|S) ≡
∑
s′
µ(s′, λ|S). (15)
We can then use this conditional probability to define an
expectation value for an outcome s of a source S given
knowledge of the ontic state λ, as:
〈s〉λ,S ≡
∑
s
sµ(s|λ, S) , (16)
It follows that the correlation between m and s can be
expressed as
〈ms〉M,S =
∑
m,s
mspr{m, s|M,S}
=
∑
λ∈Λ
〈m〉λ,M 〈s〉λ,S µ(λ|S),
(17)
where we have used Eqs. (12, 13, 14, and 16). We will use
the latter expression when deriving our quantum no-go
theorems and noncontextuality inequalities.
2. Measurement noncontextuality
The assumption of measurement noncontextuality
stipulates that if two measurements M1 and M2 are oper-
ationally equivalent, then the response functions associ-
ated to these measurements in the ontological model are
equal. Equivalently, we can express measurement non-
contextuality as the assumption that the response func-
tion associated to a measurement depends only on its op-
erational equivalence class and not on the measurement
context (which explains the appropriateness of the term
“noncontextual”). Denoting the operational equivalence
class of M1 and M2 by M (with outcome denoted by m),
and denoting the response function for M1 and M2 and
M by ξ (m1|λ,M1), ξ (m2|λ,M2) and ξ (m|λ,M) respec-
tively, the assumption of measurement noncontextuality
can be formalized as follows:
If M1,M2 ∈M, then ∀ λ ∈ Λ :
ξ (m1|λ,M1) = ξ (m2|λ,M2) ≡ ξ (m|λ,M) . (18)
We can also express measurement noncontextuality in
terms of expectation values, using Eq. (13), as
If M1,M2 ∈M, then ∀ λ ∈ Λ :
〈m1〉λ,M1 = 〈m2〉λ,M2 ≡ 〈m〉λ,M .
(19)
8An ontic state λ will be said to be make a deterministic
assignment to an equivalence class of measurementsM if
ξ (m|λ,M) ∈ {0, 1}, (20)
or equivalently, if 〈m〉λ,M ∈ Range(m).
We pause to note the how the standard notion of mea-
surement context that appears in proofs of the Kochen-
Specker theorem is understood in our framework. Con-
sider a measurement associated to an observable O. If
O is compatible with O1 and O is compatible with O2,
but O1 and O2 are not compatible with one another,
then there are two operationally equivalent ways of im-
plementing a measurement of O, namely, by measuring
it jointly with O1 and by measuring it jointly with O2.
If 〈m1〉λ,O(O1) denotes the expectation value for the out-
come of the O measurement when it is measured jointly
with O1 and 〈m2〉λ,O(O2) denotes the expectation value
for the outcome of the O measurement when it is mea-
sured jointly with O2, then measurement noncontextual-
ity implies that ∀λ ∈ Λ : 〈m1〉λ,O(O1) = 〈m2〉λ,O(O2) ≡
〈m〉λ,O . The fact that the notion of measurement noncon-
textuality does not include the assumption of outcome
determinism translates, in the case of quantum observ-
ables, to the fact that these expectation values are not
assumed, a priori, to lie in the eigenspectrum of O.
The generalized notion of noncontextuality allows one
to extend this analysis to the case of a quantum measure-
ment that is associated to a POVM that is nonprojective.
If it can be measured jointly with either one of two other
POVMs which are not compatible with one another, then
the assumption of measurement noncontextuality implies
that the expectation value of its outcome given the ontic
state λ should be independent of which of the two other
POVMs it is measured jointly with.
3. Preparation noncontextuality
The assumption of preparation noncontextuality has
previously been expressed in terms of individual prepa-
rations. However, in this article we will be describing
experiments in terms of sources, and so we will here ex-
press it in the language of sources.
The assumption of preparation noncontextuality stip-
ulates that if two sources S1 and S2 are operationally
equivalent, then the joint distributions over ontic states
and outcomes that represent these sources in the ontolog-
ical model are equal. Equivalently, the joint distribution
over ontic states and outcomes representing a source de-
pends only on the operational equivalence class of that
source. Denoting the operational equivalence class of
S1 and S2 by S (with outcome denoted by s), and de-
noting the joint distribution over ontic states and out-
comes for S1 and S2 and S by µ (s1, λ|S1), µ (s2, λ|S2),
and µ (s, λ|S) respectively, the assumption of preparation
noncontextuality can be formalized as follows:
If S1,S2 ∈ S, then ∀ λ ∈ Λ :
µ (s1, λ|S1) = µ (s2, λ|S2) ≡ µ (s, λ|S) . (21)
Note that an individual preparation can be understood
as a special kind of source, one wherein the outcome is
trivial (i.e. taking a value in a singleton set), and for such
sources the definition of noncontextuality provided above
reduces to the standard one for preparations articulated
in Ref. [8].
We can also express this assumption in terms of ex-
pectation values, as we did for the case of measurements,
but with a critical difference, as noted above Eq. (16): for
sources, the relevant expectation values concern retrod-
ictions rather than predictions.
If two sources, S1 and S2, are operationally equiva-
lent then not only does preparation noncontextuality im-
ply that the distributions µ (s1, λ|S1) and µ (s2, λ|S2) are
equal (and hence the marginals µ (λ|S1) and µ (λ|S2) are
equal as well), it also implies, via Eq. (14), that the condi-
tional distributions µ (s1|λ,S1) and µ (s2|λ,S2) are equal
as well. That is, applying Eq. (14) to Eq. (21), we find
that we can express the assumption of preparation non-
contextuality as
If S1,S2 ∈ S, then ∀ λ ∈ Λ :
µ (s|λ,S1) = µ (s|λ,S2) ≡ µ (s|λ,S) . (22)
or, translating this into expectation values using Eq. (16),
we can express it as
If S1,S2 ∈ S, then ∀ λ ∈ Λ :
〈s1〉λ,S1 = 〈s2〉λ,S2 ≡ 〈s〉λ,S.
(23)
It is apparent, therefore, that the assumption of noncon-
textuality for sources is a kind of retrodictive analogue of
the assumption of noncontextuality for measurements.
An ontic state λ will be said to be make a deterministic
assignment to an equivalence class of sources S if
µ (s|λ,S) ∈ {0, 1}, (24)
or equivalently, if 〈s〉λ,S ∈ Range(s).
We again pause to illustrate these notions by special-
izing to the quantum case. Consider a quantum source
associated to the ensemble E = {psρs}. Suppose that E
is compatible with an ensemble E1 = {ps1ρs1} and that
it is also compatible with an ensemble E2 = {ps2ρs2}
but that E1 and E2 are not compatible with one an-
other. In this case, there are two operationally equiv-
alent ways of implementing the source associated to E,
namely, by implementing it jointly with E1 and by im-
plementing it jointly with E2. If 〈s1〉λ,E(E1) denotes the
expectation value for the outcome of the source E when
it is implemented jointly with E1 and 〈s2〉λ,E(E2) denotes
the expectation value for the outcome of the source E
when it is implemented jointly with E2, then prepara-
tion noncontextuality implies that ∀λ ∈ Λ : 〈s1〉λ,E(E1) =
〈s2〉λ,E(E2) ≡ 〈s〉λ,E .
94. Universal noncontextuality
An operational theory will be said to admit of a uni-
versally noncontextual ontological model if it admits of
an ontological model that is noncontextual for all exper-
imental procedures, and therefore for both the prepara-
tions and the measurements [8].
III. QUANTUM NO-GO THEOREMS BASED
ON THE PERES-MERMIN SQUARE
KS-noncontextuality can be understood as the con-
junction of the assumption of measurement noncontex-
tuality defined above and the assumption that the on-
tic state assigns outcomes to projective measurements
deterministically. It is well known that quantum the-
ory does not admit of a KS-noncontextual model. The
Peres-Mermin proof [16, 17] is particularly intuitive and
has therefore become a paradigm example.
Ref. [8] provided several reasons for adopting the no-
tion of universal noncontextuality described in the previ-
ous section rather than KS-noncontextuality. First of all,
the reference to projective measurements in the definition
of KS-noncontextuality makes it clear that the notion
of KS-noncontextuality can only be applied to quantum
theory and leaves open the question of how to apply it to
other operational theories or to experimental data. Fur-
thermore, it has been argued in Refs. [8, 9] that the no-
tion of universal noncontextuality stands to the notion
of KS-noncontextuality as the notion of local causality
stands to that of local determinism (defined by Bell in
Ref. [24]). The problem with both KS-noncontextuality
and local determinism is that in the face of a contradic-
tion, one can always salvage the spirit of noncontextuality
or locality by simply abandoning determinism. Such an
option is not available if one derives a contradiction from
universal noncontextuality or local causality.
It was shown in Sec. VIII. of Ref. [8] that one can
turn any no-go theorem for a KS-noncontextual model
of quantum theory into a no-go theorem for a universally
noncontextual model of quantum theory.7 In this section,
we carry out this translation for the proof based on the
Peres-Mermin square. This will serve to clarify the con-
strast between KS-noncontextuality and universal non-
contextuality. However, the main purpose of this section
is to provide the reader with some intuition about how
the contradiction arises, so that she may better follow
our technique for deriving noncontextuality inequalities
from the Peres-Mermin construction.
7 The proof of this result relies on preparation noncontextuality,
together with two facts about quantum theory: (i) for every ob-
servable, there is a basis of quantum states each element of which
makes its outcome perfectly predictable and (ii) the uniform mix-
ture of any basis of quantum states is operationally equivalent
to the uniform mixture of any other such basis.
A. No-go theorem for KS-noncontextuality based
on the Peres-Mermin square
The Peres-Mermin magic square construction [16, 17]
consists of nine observables, each defined on two qubits
and each expressible as a product of Pauli operators. De-
noting the four Pauli operators by:
1 =
(
1 0
0 1
)
, X =
(
0 1
1 0
)
,
Y =
(
0 i
−i 0
)
, Z =
(
1 0
0 −1
)
,
(25)
the nine observables relevant to the construction are as
follows:
X ⊗ 1 1⊗X X ⊗X
1⊗ Z Z ⊗ 1 Z ⊗ Z
X ⊗ Z Z ⊗X Y ⊗ Y
(26)
These are organized into a 3 × 3 grid (the “square”) to
visually represent their commutativity properties: the
three observables on any row or column of the square
commute and therefore are jointly measurable.
KS-noncontextuality implies that every observable in
the square is assigned a value deterministically by the
ontic state λ and independently of whether that observ-
able is measured together with the other observables in
its row or whether it is measured together with the other
observables in its column. The deterministic value as-
signed to observable O by the ontic state λ we denote by
bOcλ. Because an observable is only ever found to take
values from the eigenspectrum of the associated opera-
tor, it follows that the deterministic assignments to O by
λ can only take values in this set,
bOcλ ∈ spec(O). (27)
Finally, for any set of observables that can be jointly
measured, the functional relations that hold among the
observables in the set must also hold among the values
assigned to them by the ontic state. This follows from
the fact that if a given functional relation failed to hold
for the values assigned by the ontic state, then the onto-
logical model would predict that it failed to hold for the
values obtained in a joint measurement. In the Peres-
Mermin square, one can show that the product of the
observables along each of the rows and along each of the
first two columns is 1 ⊗ 1, while the product of the ob-
servables on the last column is −1 ⊗ 1. Therefore, the
functional relations are
(X ⊗ 1)(1⊗X)(X ⊗X) = 1⊗ 1, (28a)
(1⊗ Z)(Z ⊗ 1)(Z ⊗ Z) = 1⊗ 1, (28b)
(X ⊗ Z)(Z ⊗X)(Y ⊗ Y ) = 1⊗ 1, (28c)
(X ⊗ 1)(1⊗ Z)(X ⊗ Z) = 1⊗ 1, (28d)
(1⊗X)(Z ⊗ 1)(Z ⊗X) = 1⊗ 1, (28e)
(X ⊗X)(Z ⊗ Z)(Y ⊗ Y ) =− 1⊗ 1. (28f)
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Together with the fact, inferred from Eq. (27), that
b1⊗ 1cλ = +1
b−1⊗ 1cλ = −1, (29)
we conclude that the functional relations holding among
the deterministic assignments to the nine observables in
the Peres-Mermin square are
bX ⊗ 1cλb1⊗XcλbX ⊗Xcλ = + 1, (30a)
b1⊗ ZcλbZ ⊗ 1cλbZ ⊗ Zcλ = + 1, (30b)
bX ⊗ ZcλbZ ⊗XcλbY ⊗ Y cλ = + 1, (30c)
bX ⊗ 1cλb1⊗ ZcλbX ⊗ Zcλ = + 1, (30d)
b1⊗XcλbZ ⊗ 1cλbZ ⊗Xcλ = + 1, (30e)
bX ⊗XcλbZ ⊗ ZcλbY ⊗ Y cλ =− 1. (30f)
By Eq. (27), we also have that, for all O,O′ ∈
{X,Y, Z},
bO ⊗ 1cλ ∈ {−1,+1},
b1⊗O′cλ ∈ {−1,+1},
bO ⊗O′cλ ∈ {−1,+1}.
(31)
However, given this constraint, the set of equations (30a-
30f) has no solution. To see this, it suffices to note that
the product of the left-hand sides of the six equations is
+1 (because every term appears squared in this product),
while the product of the right-hand sides of the six equa-
tions is -1. We have thereby arrived at a contradiction.
B. No-go theorem for universal noncontextuality
based on the Peres-Mermin square
As noted in Section II.B.2, unlike KS-noncontextuality,
measurement noncontextuality allows for measurement
outcomes to be assigned indeterministically by the on-
tic state. Obtaining the contradiction in the previous
section relied critically on this assumption of determinis-
tic assignments. Indeed, once one allows indeterministic
assignments, one finds that there are, in fact, many non-
contextual assignments to the observables in the Peres-
Mermin square. For instance, every quantum state de-
fines such an assignment through the Born rule, and there
are other valid assignments as well which do not arise
from the Born rule (but could arise in some putative
post-quantum theory). At first glance, therefore, it may
seem that by replacing the notion of KS-noncontextuality
with the generalized notion of noncontextuality proposed
in Ref. [8], one has lost the possibility of deriving a con-
tradiction. However, although the generalized notion of
noncontextuality does indeed weaken the constraints on
how one represents measurements in a noncontextual on-
tological model, it also introduces a novel constraint on
how one represents preparations. By availing oneself of
the assumption of preparation noncontextuality, one can
again derive a no-go theorem for a noncontextual model
of quantum theory.
Each observable on a two-level quantum system repre-
sents an operational equivalence class of binary-outcome
measurements. We denote the observable in position i, j
of the Peres-Mermin square by Oij . The projector-valued
measure associated to the observable Oij consists of the
pair of orthogonal rank-2 projectors:
Π+ij =
1
2 (1⊗ 1 + Oij)
Π−ij =
1
2 (1⊗ 1−Oij) ,
(32)
which correspond respectively to the +1 and −1
eigenspaces of Oij .
We also define an equivalence class of binary-outcome
quantum sources for each of the observables as follows.
For each observable Oij , we consider the quantum source
associated to the 2-element ensemble
Eij ≡ {12ρ
+
ij ,
1
2ρ
−
ij},
where
ρ+ij =
1
2Π
+
ij =
1
4 (1⊗ 1 + Oij)
ρ−ij =
1
2Π
−
ij =
1
4 (1⊗ 1−Oij) ,
(33)
are normalized density operators. Note that each of these
quantum sources defines the same average state, namely,
the completely mixed state 121.
If we arrange these nine quantum sources into a square,
then they are compatible along the rows and the columns.
For example, in the first row of the square, the three
sources are seen to be compatible by virtue of the fact
that they can all be obtained by post-processing of the
outcome of a single 4-outcome source, namely, the one
associated to the uniform ensemble of joint eigenstates
of the set of commuting observables associated to that
row. The other rows and columns are analogous. We will
speak of the source version of the Peres-Mermin square
to refer to the compatibility relations among the sources.
Given these definitions, it is clear that when the mea-
surement associated to the observable Oij is implemented
on the source associated to the ensemble Eij (i.e., the
source at the same location in the square), the outcome
m of the measurement is perfectly correlated with the
outcome s of the source and the marginal distribution
over either outcome is uniform:
∀i, j : pr(m, s|Oij ,Eij) = 12 tr
{
Πmijρ
s
ij
}
= 12δm,s. (34)
This can be expressed equivalently as
∀i, j : 〈ms〉Oij ,Eij = 1. (35)
Now consider what this implies for any putative non-
contextual ontological model of the experiment. De-
noting the expectation value for the outcome m of the
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measurement of observable Oij given ontic state λ by
〈m〉λ,Oij , and the expectation value for the outcome s
of the source associated to the ensemble Eij given ontic
state λ by 〈s〉λ,Eij (note that the latter is a retrodictive
expectation), then given Eq. (17), we have
〈ms〉Oij ,Eij =
∑
λ∈Λ
〈m〉λ,Oij 〈s〉λ,Eijµ(λ|Eij) (36)
An assumption of measurement noncontextuality has
been made at this stage because we have assumed that
the expectation value 〈m〉λ,Oij depends only on Oij and
not on what other observables were measured together
with it, that is, we have assumed that this expectation
value is independent of whether we measure Oij with the
other observables in the same row of the Peres-Mermin
square or with the other observables in the same column.
Similarly, an assumption of preparation noncontextuality
has been made at this stage because we have assumed
that 〈s〉λ,Eij depends only on Eij and not on which set
of compatible ensembles are implemented jointly with it,
those on the same row of the source version of the Peres-
Mermin square or those on the same column.
Finally, the assumption of preparation noncontextu-
ality has an additional consequence that Eq. (36) does
not yet fully incorporate. For each of the nine binary-
outcome quantum sources, if one marginalizes over its
oucome, one obtains the source that simply prepares
1
21, the average state associated to the ensemble. Re-
call that no quantum measurement can distinguish the
different ensembles by which the completely mixed state
might have been prepared. Therefore, for any given pair
of quantum sources, Eij and Ei′j′ , the pair of quantum
sources one obtains by marginalizing over their outcomes
are operationally equivalent.
If µ(λ, s|Eij) is the representation in the ontological
model of the quantum source Eij , then the quantum
source that one obtains by marginalizing over its out-
come s is represented in the ontological model by
µ(λ|Eij) ≡
∑
sij
µ(λ, sij |Eij). (37)
Applying the assumption of preparation noncontextual-
ity, Eq. (21), to the operational equivalence of Eij and
Ei′j′ , we obtain
∀(ij), (i′j′) : µ(λ|Eij) = µ(λ|Ei′j′) ≡ µ
(
λ| 121
)
. (38)
Substituting this into Eq. (36), we finally obtain
〈ms〉Oij ,Eij =
∑
λ∈Λ
〈m〉λ,Oij 〈s〉λ,Eijµ(λ| 121). (39)
Now we are in a position to derive a contradiction. The
only way to reproduce the perfect correlations of Eq. (35)
is if for all λ in the support of µ(λ| 121) and for all i, j,
〈m〉λ,Oij , 〈s〉λ,Eij ∈ {+1,−1},
and 〈m〉λ,Oij = 〈s〉λ,Eij .
(40)
In other words, every ontic state in the support of
µ(λ| 121) must assign perfectly correlated outcomes to the
source and measurement when these are associated to
the same observable, and the only way to achieve this is
if it assigns these outcomes deterministically. However,
any deterministic assignment to all of the measurements
in the Peres-Mermin square must satisfy the functional
relationships that hold among the outcomes of the com-
patible subsets of those measurements, that is, it must
satisfy Eqs. (30a-30f). But following the standard ar-
gument (reviewed in the previous section), there are no
such deterministic assignments, so we have arrived at our
contradiction8.
It follows that if one entertains the hypothesis that a
given experiment is, in fact, described by a noncontextual
ontological model, then one expects that for some subset
of the nine source-measurement pairs, the correlations
will be imperfect. The noncontextuality inequalities that
we derive for the Peres-Mermin scenario will capture the
precise tradeoffs among the strengths of these nine cor-
relations.
First, however, we must operationalize our description
of the experiment, which is to say that we must purge it
of any reference to the quantum formalism.
IV. FROM THE QUANTUM NO-GO THEOREM
TO NONCONTEXTUALITY INEQUALITIES
A. A purely operational description of the
Peres-Mermin square
In Sec. II.A, we defined operational equivalence re-
lations and compatibility relations among experimental
procedures in a manner that made reference only to ex-
perimental statistics, without appeal to the quantum for-
malism. Here, we use these notions to express the rela-
tions must hold among a set of measurements and sources
in an operational version of the quantum Peres-Mermin
construction. Any experiment satisfying all of these re-
lations will be termed an operational Peres-Mermin sce-
nario.
We start with the measurements. There are 9 dis-
tinct equivalence classes of binary-outcome measure-
ments, which we label by Mij where i ∈ {1, 2, 3} and
j ∈ {1, 2, 3}. Laying these out in a 3 × 3 square, where
the measurement Mij appears at the ith row and jth
column, each triple of measurements making up a row
or a column of the square constitutes a compatible set
of measurements. This is depicted in the compatibility
hypergraph of Fig. 1.
8 Note that the contradiction could have been obtained equally
well by considering the impossibility of finding deterministic as-
signments to all of the sources while respecting the functional
relations that hold among compatible subsets of these.
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FIG. 1: The hypergraph representing compatibility rela-
tions among the nine binary-outcome measurements.
By the definition of compatibility for measurements,
Eq. (7), this implies that for every row and column there
exists a measurement that simulates all the measure-
ments on that row or column. We denote the measure-
ment that simulates the triple of measurements in row 1
by MR1 , the one that simulates the triple in column 1 by
MC1 and so forth. We denote their outcomes by mR1 ,
mC1 , and so forth.
We now turn to the nature of the particular relation
that holds between the measurements on a given row or
column and the measurement that simulates them. Con-
sider the measurements in the first row. The outcomes
of the simulating measurement mR1 is presumed to be 4-
valued, such that it can be presented as an ordered pair of
binary outcomes, which we denote by mR1,1 and mR1,2.
In terms of this notation, the three measurements in the
first row are presumed to be obtained from the simulating
measurement by the following identification of outcomes,
m11 = mR1,1 (41a)
m12 = mR1,2 (41b)
m13 = mR1,1 ·mR1,2. (41c)
which in terms of the conditional probabilities in Eq. (7)
corresponds to the following post-processings of the sim-
ulating measurement:
pr{m11|mR1} = δm11,mR1,1 (42a)
pr{m12|mR1} = δm12,mR1,2 (42b)
pr{m13|mR1} = δm13,mR1,1·mR1,2 . (42c)
Analogous compatibility relations hold for the second
and third rows and for the first and second column. The
relations are slightly different for the third column:
m13 = mC3,1 (43a)
m23 = mC3,2 (43b)
m33 = −mC3,1 ·mC3,2, (43c)
S11
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S31
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FIG. 2: The hypergraph representing compatibility rela-
tions among the nine binary-outcome sources.
or in terms of the conditional probabilities,
pr{m13|mC3} = δm13,mC3,1 (44a)
pr{m23|mC3} = δm23,mC3,2 (44b)
pr{m33|mC3} = δm33,−mC3,1·mC3,2 . (44c)
A similar story holds for the sources. There are 9
distinct equivalence classes of binary-outcome sources,
which we label by Sij where i ∈ {1, 2, 3} and j ∈ {1, 2, 3},
with compatibility relations described by the hypergraph
of Fig. 2.
By the definition of compatibility for sources, Eq. (10),
this implies that for every row and column there exists
a source that simulates all the sources on that row or
column. We denote the source that simulates the triple
of measurements in row 1 by SR1 and its outcome by
sR1 , the one that simulates the triple in column 1 by
SC1 and its outcome by sC1 , and so forth. Each such
outcome is presumed to be 4-valued, such that it can be
presented as an ordered pair of binary variables, so that
sR1 = (sR1,1, sR1,2), etcetera. The conditional probabili-
ties, which, by Eq. (10), define the precise nature of the
compatibility relations are exactly the same as for the
measurements. For the first row, they are
pr{s11|sR1} = δs11,sR1,1 (45a)
pr{s12|sR1} = δs12,sR1,2 (45b)
pr{s13|sR1} = δs13,sR1,1·sR1,2 . (45c)
with analogous relations holding for the other rows and
the first and second column, while for the third column,
they are
pr{s13|sC3} = δs13,sC3,1 (46a)
pr{s23|sC3} = δs23,sC3,2 (46b)
pr{s33|sC3} = δs33,−sC3,1·sC3,2 . (46c)
1. Noiseless quantum realization
It is straightforward to verify that the quantum mea-
surements and quantum sources appearing in the no-go
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theorem described in Sec. III.B instantiate all of the com-
patibility relations that were described in the previous
section.
We begin with the quantum measurements. Take,
for example, the three observables in the first row of
the Peres-Mermin square. These are associated to the
projector-valued measures {Π(m11)11 }m11 , {Π(m12)12 }m12 and
{Π(m13)13 }m13 where m11,m12,m13 ∈ {−1,+1}, each cor-
responding to the projectors onto the pair of eigenspaces
of the corresponding observables, as in Eq. (32). The
measurement that simulates all of these is, of course,
the one associated to the joint eigenspaces of the
three commuting observables, which as a projector-
valued measure is {Π(mR1,1,mR1,2)R1 }mR1,1,mR1,2 where
(mR1,1,mR1,2) ∈ {−1,+1}2 and where
Π(mR1,1,mR1,2)R1 =
1
4
(
1⊗ 1 +mR1,1 O11 +mR1,2 O12
+ (mR1,1 ·mR1,2) O13
)
.
(47)
The simulation of each of the three measurements in the
row is achieved by implementing this PVM and then
post-processing its outcome using the three conditional
probability distributions specified in Eqs. (42a-42c), that
is,
Π(m11)11 =
∑
mR1,1,mR1,2
δm11,mR1,1Π
(mR1,1,mR1,2)
R1
(48a)
Π(m12)12 =
∑
mR1,1,mR1,2
δm12,mR1,2Π
(mR1,1,mR1,2)
R1
(48b)
Π(m13)12 =
∑
mR1,1,mR1,2
δm13,mR1,1·mR1,2Π
(mR1,1,mR1,2)
R1
. (48c)
In a similar fashion, one can verify that the other rows
and columns of the Peres-Mermin square of quantum
measurements have the compatibility relations described
in the previous section.
The nine quantum sources appearing in the no-go the-
orem of Sec. III.B also have the compatibility relations
described in the previous section. Consider the first
row of the source version of the Peres-Mermin square
as an example. The three sources on this row are as-
sociated to the ensembles { 12ρ(s11)11 }s11 , { 12ρ(s12)12 }s12 and
{ 12ρ(s13)13 }s13 where s11, s12, s13 ∈ {−1,+1}, and ρ(+)ij and
ρ
(−)
ij are the normalized projectors onto the eigenspaces
of the observables associated to corresponding point on
the Peres-Mermin square, as in Eq. (33). The quan-
tum source that simulates all of these is the one associ-
ated to the ensemble { 14ρ
(sR1,1,sR1,2)
R1
}(sR1,1,sR1,2), where
ρ
(sR1,1,sR1,2)
R1
≡ Π(sR1,1,sR1,2)R1 with Π
(sR1,1,sR1,2)
R1
the rank-
1 projector defined in Eq. (47). The conditional prob-
abilities appearing in the simulation are precisely those
given in Eqs. (45a-45c). This fact follows from Eqs. (48a-
48c). The compatibility relations for the other rows and
columns are verified similarly.
2. Noisy quantum realization
In deriving noncontextuality inequalities, it is critical
that one not base these on assumptions that are only
valid when the measurements or the sources are noiseless
because this ideal is never achieved in real experiments.
The compatibility relations outlined in Sec. IV.A satisfy
this desideratum. In the quantum case, for instance, they
can be satisfied even if the measurements and sources
are not sharp (i.e., not associated to an orthogonal set of
projectors).
A specific example helps to clarify the point.
Suppose the nine sharp measurements appearing in
the Peres-Mermin square are replaced by noisy ver-
sions thereof, that is, by the nine unsharp mea-
surements that are the images of the sharp mea-
surements under a partially depolarizing channel D.
In this case, the projector-valued measures are re-
placed by POVMs that are not projective. For in-
stance, the three measurements in the first row of
the Peres-Mermin square are associated to the binary-
outcome POVMs {D(Π(m11)11 )}m11 , {D(Π(m12)12 )}m12 and
{D(Π(m13)13 )}m13 wherem11,m12,m13 ∈ {−1,+1}. These
can be jointly implemented using the 4-outcome POVM
{D(Π(mR1,1,mR1,2)R1 )}mR1,1,mR1,2 where (mR1,1,mR1,2) ∈
{−1,+1}2. The three binary-outcome POVMs are sim-
ulated by the 4-outcome POVM using the conditional
probabilities in Eqs. (42a-42c); to see this, it suffices to
apply D to Eqs. (48a-48c) and recall that it is a linear
map).
Similarly, suppose that the nine sources appearing in
the source version of the Peres-Mermin square are re-
placed by partially depolarized versions thereof. (For
simplicitly, we will assume that strength of the noise on
the sources is equal to that on the measurements.) In
this case, the ensembles associated to the three sources
in the first row are { 12D(ρ(s11)11 )}s11 , { 12D(ρ(s12)12 )}s12 and
{ 12D(ρ(s13)13 )}s13 where s11, s12, s13 ∈ {−1,+1}. The
source that simulates all of these is then simply the par-
tially depolarized version of the one that simulated the
sharp sources, that is, { 14D(ρ
(sR1,1,sR1,2)
R1
)}(sR1,1,sR1,2),
which again follows from the linearity of Eqs. (48a-48c).
Recall that a partial depolarization map D can be
written as a convex mixture of the identity channel, I,
and the channel that traces over the system and repre-
pares the completely mixed state. An element of the
1-parameter family of such maps is
Dr = r I + (1− r) 141Tr, (49)
where r ∈ [0, 1]. The strength of depolarization is spec-
ified by the probability r of realizing the identity map
(with lower values of r corresponding to stronger noise).
It follows that the degree of correlation that can be
observed between sources and measurements is a func-
tion of r. For r < 1, one no longer achieves the per-
fect correlations of the noiseless quantum realization,
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Eqs. (34,35), but rather imperfect correlations. Denoting
the r-depolarized versions of the observables Oij and the
ensembles Eij by O(r)ij and E
(r)
ij respectively, we have
∀i, j : pr(mij , sij |O(r)ij , E(r)ij )
= 12 tr
{
Dr
(
Π(mij)ij
)
Dr
(
ρ
(sij)
ij
)}
= 12r
2δmij ,sij .
(50)
This can be expressed equivalently as
∀i, j : 〈mijsij〉O(r)
ij
,E
(r)
ij
= r2. (51)
Because the no-go theorem of Sec. III.B relied on hav-
ing perfect correlations, it is not applicable to the noisy
quantum realization of the operational Peres-Mermin sce-
nario. Nonetheless, one expects that for values of r suffi-
ciently close to 1, a noncontextual model should still be
ruled out. The noncontextuality inequalities that we de-
rive confirm this expectation. They are robust to noise in
the sense that they can be violated by values of r strictly
less than 1. The lower bound on r that they imply is de-
termined in Sec. IV.F.2. This bound specifies how much
noise one can tolerate in the noisy quantum realization
of the Peres-Mermin scenario and still rule out a noncon-
textual model of the experiment.
B. Expressing operational correlations in terms of
noncontextual ontic assignments
Consider an experiment that can realize the nine equiv-
alence classes of measurements and the nine equivalence
classes of sources having the compatibility structures of
Figs. 1 and 2 respectively and having the compatibil-
ity relations specified in the text, such as Eqs. (42a-42c)
and Eqs. (45a-45c). There are 81 possible pairings of a
source with a measurement. For a given such pairing,
say Sij with Mi′j′ , the experiment yields a joint prob-
ability distribution over outcomes, pr(mi′j′sij |Mi′j′Sij).
Equivalently, the experimental data can be summa-
rized by the expectation values 〈sij〉Si′j′ , 〈mi′j′〉Mij , and
〈mi′j′sij〉Mi′j′Sij .
In this article, we limit our focus to deriving con-
straints which do not refer to the marginal expectations
〈sij〉Si′j′ and 〈mi′j′〉Mij , i.e. we focus on deriving inequal-
ities which refer only to the correlations 〈sijmi′j′〉SijMi′j′ .
Furthermore, we consider only 9 of the 81 possible pair-
ings of a source with a measurement, namely those
wherein the source and the measurement are associated
with a common label in their respective compatibility
hypergraphs. That is, we hereafter consider only those
correlations 〈sijmi′j′〉SijMi′j′ wherein (i′, j′) = (i, j). We
will derive the necessary and sufficient conditions – with
respect to these nine correlations – for an experiment to
admit a noncontextual model.
For the equivalence class of measurements Mij , there
are two associated measurement procedures, which we
denote by MRij and MCij , with outcomes denoted by
mRij and mCij , and which correspond to whether Mij
is implemented jointly with the other measurements
in its row or with the other measurements in its col-
umn. Similarly, the equivalence class of sources Sij
is associated with two sources, SRij and SCij , with out-
comes denoted by sRij and sCij . The operational equiv-
alences imply that 〈sRijmRij〉SRijMRij = 〈sRijmCij〉SRijMCij =
〈sCijmRij〉SCijMRij = 〈sCijmCij〉SCijMCij , which we can simply de-
note by 〈sijmij〉SijMij .
Recall Eq. (17), which specifies how correlations such
as 〈sijmij〉SijMij are expressed in an ontological model.
Under the assumption of measurement noncontextual-
ity, every measurement in the equivalence class Mij is
assigned the same expectation value by the ontic state.
Therefore, because MRij ,MCij ∈Mij , it follows that
〈mRij〉λ,MRij = 〈m
C
ij〉λ,MCij = 〈mij〉λ,Mij . (52)
In other words, measurement noncontextuality warrants
the assumption that the expectation value for the out-
come of Mij does not depend on the measurement con-
text, that is, whether it is implemented with the measure-
ments in the same row or in the same column of Fig. 1.
Similarly, under the assumption of preparation noncon-
textuality, every source in the equivalence class Sij is
assigned the same retrodictive expectation value by the
ontic state, such that because SRij , SCij ∈ Sij , it follows
that
〈sRij〉λ,SRij = 〈s
C
ij〉λ,SCij = 〈sij〉λ,Sij . (53)
In other words, the expectation value for the outcome
of Sij does not depend on the source context, that is,
whether it is implemented with the sources in the same
row or in the same column of Fig. 2.
We conclude that
〈sijmij〉SijMij =
∑
λ∈Λ
〈sij〉λ,Sij 〈mij〉λ,Mij µ(λ|Sij). (54)
The operational equivalence relations among the sources
and the assumption of preparation noncontextuality to-
gether imply one further simplification of this expression,
namely, that µ(λ|Sij) is independent of (i, j),
∀(iji′j′) : µ(λ|Sij) = µ(λ|Si′j′) ≡ µ(λ). (55)
To see why this is the case, consider the triple of sources
in the first row of Fig. 2, S11,S12 and S13. By as-
sumption, these are each simulatable by a single source,
namely, SR1 , by post-processing its outcome in the man-
ner specified by the compatibility relations, Eqs. (45a-
45c). Marginalizing over the outcome of S11,S12 or S13
is simply a further post-processing of SR1 and conse-
quently the outcome-marginalized versions of these three
sources are each operationally equivalent to the outcome-
marginalized version of SR1 and therefore operationally
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equivalent to one another. The assumption of prepara-
tion noncontextuality then implies that the distributions
over ontic states associated to these, namely that the
three ontic state distributions
µ(λ|S11) :=
∑
s11
µ(s11, λ|S11)
µ(λ|S12) :=
∑
s12
µ(s12, λ|S12)
µ(λ|S13) :=
∑
s13
µ(s13, λ|S13)
are equal,
µ(λ|S11) = µ(λ|S12) = µ(λ|S13). (56)
The same argument repeated for the other rows and the
columns yields analogous equalities. Together these im-
ply Eq. (55).
Denoting 〈mij〉λ,Mij simply as 〈mij〉λ and 〈sij〉λ,Sij sim-
ply as 〈sij〉λ, and using Eq. (55), we find that Eq. (54)
becomes
〈sijmij〉SijMij =
∑
λ∈Λ
〈sij〉λ〈mij〉λµ(λ). (57)
We pause here to note that this expression for the
correlation between the measurement outcome and the
source outcome in a noncontextual model has the same
form as the expression for the correlation between the
measurement outcomes at the two wings of a Bell ex-
periment in a locally causal model of the latter. This
provides a particularly intuitive demonstration of the
isomorphism between the assumption of local causality
and the assumption of preparation noncontextuality for
the outcome-marginalized sources articulated in Eq. (55).
Note, however, that the assumptions of noncontextuality
articulated in Eqs. (52,53) cannot be inferred from an
assumption of local causality in the corresponding Bell
scenario, so that the noncontextuality inequalities that
we derive here are not isomorphic to Bell inequalities. 9
The compatibility relations among the mea-
surements imply constraints on the 〈mij〉λ. We
will refer to any 9-tuple of expectation values,
(〈m11〉λ, 〈m12〉λ, . . . , 〈m33〉λ), satisfying these con-
straints as a noncontextual ontic assignment to the
measurements. We will see that the set of all such
9 In particular, the noncontextuality inequalities we derive here are
not isomorphic to the Bell inequality derived in Ref. [25] (and
experimentally tested in Ref. [26]) even though the latter is in-
spired by a consideration of the Peres-Mermin construction (one
such construction on each wing of the Bell experiment). This
is because the inequality of Ref. [25] is based on the assump-
tion of local causality alone. The analogue, for our prepare-and-
measure scenario, of this inequality would be a constraint that
follows from the assumption of preparation noncontextuality for
the outcome-marginalized sources alone, Eq. (55).
9-tuples defines a polytope in a 9-dimensional space,
which we term the noncontextual measurement-
assignment polytope. Similarly, the compatibility
relations among the sources imply constraints on the
〈sij〉λ. We will refer to any 9-tuple of expectation values,
(〈s11〉λ, 〈s12〉λ, . . . , 〈s33〉λ), satisfying these constraints
as a (retrodictive) noncontextual ontic assignment to
the sources. These also form a polytope, which we term
the noncontextual source-assignment polytope.
The vertices of a polytope, i.e. the extremal noncon-
textual ontic assignments, can be deduced from that
polytope’s defining constraints using standard convex
hull algorithms [27–29].
Every ontic state λ specifies some noncontextual as-
signment to measurements, but not every noncontextual
assignment corresponds to a vertex of the noncontextual
measurement-assignment polytope. Nevertheless, those
non-vertex noncontextual assignments to measurements
can be simulated by a distribution over ontic states that
do correspond to vertices: Suppose κ is a variable that
runs over the vertices of the noncontextual measurement-
assignment polytope. Then, for any λ in the polytope,
there exists a distribution p(κ|λ) such that〈m11〉λ 〈m12〉λ 〈m13〉λ〈m21〉λ 〈m22〉λ 〈m23〉λ
〈m31〉λ 〈m32〉λ 〈m33〉λ

=
∑
κ
〈m11〉κ 〈m12〉κ 〈m13〉κ〈m21〉κ 〈m22〉κ 〈m23〉κ
〈m31〉κ 〈m32〉κ 〈m33〉κ
 p(κ|λ) (58)
where we have presented the 9-tuple as a 3× 3 array.
A similar arguments holds for the noncontextual
source-assignment polytope. Denoting its vertices by κ′,
for any point λ in the noncontextual source-assignment
polytope, there exists a distribution p(κ′|λ) such that〈s11〉λ 〈s12〉λ 〈s13〉λ〈s21〉λ 〈s22〉λ 〈s23〉λ
〈s31〉λ 〈s32〉λ 〈s33〉λ

=
∑
κ′
〈s11〉κ′ 〈s12〉κ′ 〈s13〉κ′〈s21〉κ′ 〈s22〉κ′ 〈s23〉κ′
〈s31〉κ′ 〈s32〉κ′ 〈s33〉κ′
 p(κ′|λ) (59)
It is useful to introduce a simplified notation for the
nine operational correlations in which we are interested,
namely,
ωij ≡ 〈sijmij〉SijMij . (60)
The set of 9-dimensional vectors (ω11, . . . , ω33) that can
arise in an operational theory that admits of a noncon-
textual ontological model will be termed the noncon-
textual correlation polytope. Recalling Eq. (57), and
representing the ωij as a 3×3 array, it is defined in terms
of the noncontextual measurement-assignment polytope
and the noncontextual source-assignment polytope as fol-
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lows:ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33

=
∑
λ
〈m11〉λ 〈m12〉λ 〈m13〉λ〈m21〉λ 〈m22〉λ 〈m23〉λ
〈m31〉λ 〈m32〉λ 〈m33〉λ

◦
〈s11〉λ 〈s12〉λ 〈s13〉λ〈s21〉λ 〈s22〉λ 〈s23〉λ
〈s31〉λ 〈s32〉λ 〈s33〉λ
µ(λ),
(61)
where ◦ denotes the entry-wise product of the arrays
(also known as the Hadamard or Schur product).
Substituting Eqs. (58) and (59), we haveω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33

=
∑
κ,κ′
〈m11〉κ〈s11〉κ′ 〈m12〉κ〈s12〉κ′ 〈m13〉κ〈s13〉κ′〈m21〉κ〈s21〉κ′ 〈m22〉κ〈s22〉κ′ 〈m23〉κ〈s23〉κ′
〈m31〉κ〈s31〉κ′ 〈m32〉κ〈s32〉κ′ 〈m33〉κ〈s33〉κ′

× p(κ, κ′), (62)
where p(κ, κ′) ≡
∑
λ
p(κ|λ)p(κ′|λ)µ(λ). (63)
Therefore, the noncontextual correlation polytope is
the convex hull of the correlations one obtains for
all possible pairings (κ, κ′) of a vertex κ from the
noncontextual measurement-assignment polytope and
a vertex κ′ from the noncontextual source-assignment
polytope, that is, the convex hull of the 9-tuples
(〈m11〉κ〈s11〉κ′ , . . . , 〈m33〉κ〈s33〉κ′), as one varies over
(κ, κ′).
Not every pairing of (κ, κ′) corresponds to a unique
vertex of the noncontextual correlation polytope: The
fact that we consider correlations for only 9 source-
measurement pairings and not the full set of 81 such
pairings, and the fact that we do not consider any of
the marginal expectations, implies that (i) more than
one choice of (κ, κ′) can yield the same 9-tuple of corre-
lations, and (ii) one choice of (κ, κ′) can yield a 9-tuple of
correlations that lies in the convex hull of the 9-tuples as-
sociated to several other choices of (κ, κ′). It is therefore
convenient to re-express Eq. (62) simply asω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 (64)
=
∑
γ
〈m11〉γ〈s11〉γ 〈m12〉γ〈s12〉γ 〈m13〉γ〈s13〉γ〈m21〉γ〈s21〉γ 〈m22〉γ〈s22〉γ 〈m23〉γ〈s23〉γ
〈m31〉γ〈s31〉γ 〈m32〉γ〈s32〉γ 〈m33〉γ〈s33〉γ
 p(γ).
where instead of ranging over all pairings of (κ, κ′) we
restrict γ to range over the vertices of the noncontextual
correlation polytope without loss of generality.
We ultimately seek to derive noncontextuality inequal-
ities, that is, the nontrivial facet inequalities of the non-
contextual correlation polytope. We begin by character-
izing the noncontextual measurement-assignment poly-
tope and the noncontextual source-assignment polytope.
We will see that the nature of the compatibility rela-
tions among the measurements/sources determines their
respective facet inequalities. From these, we infer the two
set of vertices (measurements & sources) using standard
convex hull algorithms [27–30]. Subsequently, by con-
sidering every possible pairing between those two sets
of vertices, we determine the set of vertices of the non-
contextual correlation polytope. Finally, using standard
convex hull algorithms again, we obtain all of the facet in-
equalities of the noncontextual correlation polytope. The
nontrivial facet inequalities define the set of noncontex-
tuality inequalities for our problem. In the following sec-
tions, we proceed through these various steps explicitly.
C. Facets of the noncontextual
measurement-assignment and noncontextual
source-assignment polytopes
We will begin with the measurements. The compat-
ibility relations holding among the measurements in a
given row or column must also hold for the response func-
tions representing these in the ontological model. (This
is a constraint on any ontological model, rather than one
arising from the assumption of measurement noncontex-
tuality. See Sec. V for further discussion.)
Consider the response functions associated to the
three equivalence classes of measurements in the
first row of Fig. 1. We denote the set of re-
sponse functions associated to each of these by
{ξ11(m11|λ)}m11 , {ξ12(m12|λ)}m12 and {ξ13(m13|λ)}m13
where m11,m12,m13 ∈ {−1,+1}, and we denote the set
of response functions associated to the measurement that
simulates these {ξR1(mR1,1,mR1,2|λ)}mR1,1,mR1,2 where
(mR1,1,mR1,2) ∈ {−1,+1}2. The fact that the simula-
tion is achieved with the three conditional probability
distributions specified in Eqs. (42a-42c) implies that
ξ11(m11|λ) =
∑
mR1,1,mR1,2
δm11,mR1,1ξR1(mR1,1,mR1,2|λ) (65a)
ξ12(m12|λ) =
∑
mR1,1,mR1,2
δm12,mR1,2ξR1(mR1,1,mR1,2|λ) (65b)
ξ12(m13|λ) =∑
mR1,1,mR1,2
δm13,mR1,1mR1,2ξR1(mR1,1,mR1,2|λ). (65c)
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Recalling Eq. (13) and Eq. (41), we infer that
〈m11〉λ = ξR1(+ + |λ) + ξR1(+− |λ)
− ξR1(−+ |λ)− ξR1(−− |λ)
(66a)
〈m12〉λ = ξR1(+ + |λ)− ξR1(+− |λ)
+ ξR1(−+ |λ)− ξR1(−− |λ)
(66b)
〈m13〉λ = ξR1(+ + |λ)− ξR1(+− |λ)
− ξR1(−+ |λ) + ξR1(−− |λ).
(66c)
Using the fact that ξR1 is a normalized probability dis-
tribution,
1 =ξR1(+ + |λ) + ξR1(+− |λ)
+ ξR1(−+ |λ) + ξR1(−− |λ),
(67)
the relations Eq. (66a-66c,67) can be inverted to write
down the probabilities in terms of the expectation values:
for a, b ∈ {−1,+1},
ξR1(a, b|λ) = 14 (1 + a〈m11〉λ + b〈m12〉λ + ab〈m13〉λ) .
Finally, from the fact that
∀a, b : ξR1(a, b|λ) ≥ 0, (68)
we infer that ∀a, b :
− a〈m11〉λ − b〈m12〉λ − ab〈m13〉λ ≤ 1. (69)
This logic can be repeated for the other rows and the
first two columns. For the third column, it is slightly
different. We find
ξC3(a, b|λ) = 14 (1 + a〈m11〉λ + b〈m12〉λ − ab〈m13〉λ)
from which we infer that ∀a, b :
−a〈m11〉λ − b〈m12〉λ + ab〈m13〉λ ≤ 1. (70)
In all then, we find that the 9 expectation values
{〈mij〉λ : (i, j) ∈ {1, 2, 3}2} must satisfy
∀i ∈ {1, 2, 3} :
〈mi1〉λ + 〈mi2〉λ − 〈mi3〉λ ≤ 1,
〈mi1〉λ − 〈mi2〉λ + 〈mi3〉λ ≤ 1,
−〈mi1〉λ + 〈mi2〉λ + 〈mi3〉λ ≤ 1,
−〈mi1〉λ − 〈mi2〉λ − 〈mi3〉λ ≤ 1,
(71a)
and
∀j ∈ {1, 2, 3} :
〈m1j〉λ + 〈m2j〉λ − ηj〈m3j〉λ ≤ 1,
〈m1j〉λ − 〈m2j〉λ + ηj〈m3j〉λ ≤ 1,
−〈m1j〉λ + 〈m2j〉λ + ηj〈m3j〉λ ≤ 1,
−〈m1j〉λ − 〈m2j〉λ − ηj〈m3j〉λ ≤ 1,
(71b)
where ηj =
{+1 for j ∈ {1, 2}
−1 for j = 3 .
Note that these inequalities subsume the constraint
that −1 ≤ 〈mij〉λ ≤ +1 for all i, j. Eqs. (71a-71b)
capture all of the consequences of the compatibility re-
lations for the ontic expectation values. They are the
facet inequalities for the noncontextual measurement-
assignment polytope.
Similar constraints hold for the nine retrodictive ex-
pectation values {〈sij〉λ : (i, j) ∈ {1, 2, 3}2}, as we now
show.
Consider the the three equivalence classes of sources
in the first row of Fig. 2. We will denote the
probability distributions associated to each of these
by µ11(s11, λ), µ12(s12, λ), and µ13(s13, λ), where
s11, s12, s13 ∈ {−1,+1}, and the probability distribu-
tion associated to the source that simulates these by
µR1(sR1,1, sR1,2, λ) where (sR1,1, sR1,2) ∈ {−1,+1}2.
The fact that these sources obey the compatibility re-
lations given in Eqs. (45a-45c) implies that
µ11(s11, λ) =
∑
sR1,1,sR1,2
δs11,sR1,1µR1(sR1,1, sR1,2, λ) (72a)
µ12(s12, λ) =
∑
sR1,1,sR1,2
δs12,sR1,2µR1(sR1,1, sR1,2, λ) (72b)
µ13(s13, λ) =∑
sR1,1,sR1,2
δs13,sR1,1sR1,2µR1(sR1,1, sR1,2, λ). (72c)
Note that these expressions allow one to confirm the
equality of
∑
s11
µ(s11, λ|S11),
∑
s12
µ(s12, λ|S12) and∑
s13
µ(s13, λ|S13), noted in Eq. (56), via their equality
with
∑
sR1,1,sR1,2
µR1(sR1,1, sR1,2, λ). Recalling Eq. (55),
these outcome-marginalized probability distributions are
in fact equal to those associated to every other source in
the problem, and we have denoted this unique distribu-
tion by µ(λ). It follows that we can Bayesian invert all
of the terms in Eqs. (72a-72c) by dividing each equation
by µ(λ). We thereby obtain
µ11(s11|λ) =
∑
sR1,1,sR1,2
δs11,sR1,1µR1(sR1,1, sR1,2|λ) (73a)
µ12(s12|λ) =
∑
sR1,1,sR1,2
δs12,sR1,2µR1(sR1,1, sR1,2|λ) (73b)
µ13(s13|λ) =∑
sR1,1,sR1,2
δs13,sR1,1sR1,2µR1(sR1,1, sR1,2|λ). (73c)
Using these relations, together with Eq. (16), we can ex-
press the expectation values {〈sij〉λ : (i, j) ∈ {1, 2, 3}2}
in terms of the µR1(sR1,1, sR1,2|λ). By appealing to
the fact that µR1 is a normalized probability distribu-
tion, we can invert these equations and then use ∀a, b :
µR1(a, b|λ) ≥ 0 to obtain inequality constraints on the
{〈sij〉λ : (i, j) ∈ {1, 2, 3}2}. The analysis proceeds pre-
cisely in analogy with the case of measurements, and we
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obtain:
∀i ∈ {1, 2, 3} :
〈si1〉λ + 〈si2〉λ − 〈si3〉λ ≤ 1,
〈si1〉λ − 〈si2〉λ + 〈si3〉λ ≤ 1,
−〈si1〉λ + 〈si2〉λ + 〈si3〉λ ≤ 1,
−〈si1〉λ − 〈si2〉λ − 〈si3〉λ ≤ 1,
(74a)
and
∀j ∈ {1, 2, 3} :
〈s1j〉λ + 〈s2j〉λ − ηj〈s3j〉λ ≤ 1,
〈s1j〉λ − 〈s2j〉λ + ηj〈s3j〉λ ≤ 1,
−〈s1j〉λ + 〈s2j〉λ + ηj〈s3j〉λ ≤ 1,
−〈s1j〉λ − 〈s2j〉λ − ηj〈s3j〉λ ≤ 1.
(74b)
where ηj =
{+1 for j ∈ {1, 2}
−1 for j = 3 .
These are the facet inequalities for the noncontextual
source-assignment polytope.
Because Eqs. (74a-74b) have the same form as
Eqs. (71a-71b), it follows that the noncontextual
measurement-assignment polytope has precisely the same
form as the noncontextual source-assignment poly-
tope. It suffices, therefore, to characterize just one of
them. In the following, we consider the noncontextual
measurement-assignment polytope for definiteness.
D. Vertices of the noncontextual
measurement-assignment and noncontextual
source-assignment polytopes
In this section, we describe the conversion from the
facet representation of the noncontextual measurement-
assignment polytope, defined by the facet inequalities of
Eqs. (71a-71b), to its vertex represenation. We use stan-
dard numerical algorithms to do so [27–30], the details
of which are provided in Appendix A. In addition to pro-
viding a description of this set of vertices, it is our aim
here to provide some intuitions about their form.
To begin with, note that all of the points within the
noncontextual measurement-assignment polytope are in-
deterministic assignments – in the sense of violating
Eq. (20) – for one or more of the measurements. To see
that there are no noncontextual ontic assignments that
are deterministic for all of the measurements, it suffices to
note that for deterministic assignments, the constraints
(71a-71b) simplify to
bm11cλbm12cλbm13cλ = +1, (75a)
bm21cλbm22cλbm23cλ = +1, (75b)
bm31cλbm32cλbm33cλ = +1, (75c)
bm11cλbm21cλbm31cλ = +1, (75d)
bm12cλbm22cλbm23cλ = +1, (75e)
bm13cλbm23cλbm33cλ = −1., (75f)
where bm11cλ denotes a deterministic assignment by ontic
state λ, and that these are equivalent to the constraints
specified in Eqs. (30a-30f), which, as noted in Sec. III.A
admit no solution.
To get a feeling for how indeterministic noncontextual
ontic assignments to the measurements escape contradic-
tion, it is useful to see a concrete example (one that is
a vertex of the noncontextual measurement-assignment
polytope). We denote it by κ1. We begin by describing
it in terms of probabilistic assignments to the 4-outcome
measurements associated to each row and column, rather
than in terms of the expectation values for each the nine
equivalence classes of binary-outcome measurements, be-
cause the correlations that hold between the different
binary-outcome measurements are more transparent in
this form. Introducing the notation p(m) = [α] as a
shorthand for p(m) = δm,α and p(m,m′) = [α, β] for
p(m,m′) = δm,αδm′,β , the vertex κ1 is:
ξR1(mR1,1,mR1,2|κ1) = 12 [+1,−1] + 12 [−1,+1] (76a)
ξR2(mR2,1,mR2,2|κ1) = 12 [+1,+1] + 12 [−1,−1] (76b)
ξR3(mR3,1,mR3,2|κ1) = [+1,+1] (76c)
ξC1(mC1,1,mC1,2|κ1) = 12 [+1,+1] + 12 [−1,−1] (76d)
ξC2(mC2,1,mC2,2|κ1) = 12 [+1,+1] + 12 [−1,−1] (76e)
ξC3(mC3,1,mC3,2|κ1) = [−1,+1] (76f)
Using Eqs. (65a)-(65c) and analogues thereof, one can
compute from these the response functions for each of
the nine equivalence classes of binary-outcome measure-
ments. They areξ11(m11|κ1) ξ12(m12|κ1) ξ13(m13|κ1)ξ21(m21|κ1) ξ22(m22|κ1) ξ23(m23|κ1)
ξ31(m31|κ1) ξ32(m32|κ1) ξ33(m33|κ1)
 (77)
=
 12 [+1] + 12 [−1] 12 [+1] + 12 [−1] [−1]1
2 [+1] +
1
2 [−1] 12 [+1] + 12 [−1] [+1]
[+1] [+1] [+1]

It is easy to verify that the two ways of defining the value
of the response function for Mij at κ1 (via simulation by
MRi or via simulation by MCj ) yield the same result, so
that this is indeed a noncontextual assignment satisfy-
ing the compatibility relations. In terms of expectation
values, this assignment corresponds to〈m11〉κ1 〈m12〉κ1 〈m13〉κ1〈m21〉κ1 〈m22〉κ1 〈m23〉κ1
〈m31〉κ1 〈m32〉κ1 〈m33〉κ1
 =
 0 0 −10 0 +1
+1 +1 +1
 . (78)
Note that it makes four of the nine measurements
outcome-indeterministic.
A second concrete example of a vertex of the polytope,
denoted κ2, is〈m11〉κ2 〈m12〉κ2 〈m13〉κ2〈m21〉κ2 〈m22〉κ2 〈m23〉κ2
〈m31〉κ2 〈m32〉κ2 〈m33〉κ2
 =
 0 0 +1+1 0 0
0 −1 0
 , (79)
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where six of the nine measurements are outcome-
indeterministic.
By considering the set of all deterministic process-
ings of the measurements that preserve the compatibility
relations holding among these, defined in Appendix B,
one can determine the symmetries of the noncontextual
measurement-assignment polytope. Specifically, each
such deterministic processing induces a bijective map-
ping of the set of vertices to itself. The full symmetry
group is specified in Appendix B. It is straightforward
to verify that it can be generated by the following three
deterministic processings:
〈m11〉κ ↔ 〈m12〉κ
〈m21〉κ ↔ 〈m22〉κ
〈m31〉κ ↔ 〈m32〉κ︸ ︷︷ ︸
Swap columns 1↔2
, and
〈m21〉κ ↔ 〈m31〉κ
〈m22〉κ ↔ 〈m32〉κ
〈m23〉κ ↔ 〈m33〉κ︸ ︷︷ ︸
Swap rows 2↔3
,
and
〈m12〉κ ↔ 〈m21〉κ
〈m31〉κ ↔ 〈m31〉κ
〈m23〉κ ↔ 〈m32〉κ
〈m33〉κ ↔ −〈m33〉κ︸ ︷︷ ︸
Modified transpose
.
(80)
Note that the number of measurements that are as-
signed outcomes deterministically is preserved by these
symmetry operations. Consequently, our two examples
above, Eq. (78) and Eq. (79), are in different symmetry
classes. In fact, we find that there are only these two
symmetry classes.
The symmetry class wherein six of the nine mea-
surements are indeterministic contains 48 vertices. As
3×3 matrices, they correspond to those with elements in
{−1, 0,+1} having the property that every row and ev-
ery column contains precisely one non-zero element. The
symmetry class wherein four of the nine measurements
are indeterministic contains 72 vertices, and corresponds
to those 3×3 matrices with elements in {−1, 0,+1} hav-
ing a single row of nonzero elements and a single column
of nonzero elements such that the overall parity of the row
is +1, and the overall parity of the column is η, where
η = −1 if it is the third column and η = +1 otherwise.
E. Vertices of the noncontextual correlation
polytope
To determine the vertices of the noncontextual cor-
relation polytope from the vertices of the noncontex-
tual measurement-assignment polytope and those of the
noncontextual source-assignment polytope, we preserve
only those pairings which lead to extremal 9-tuples,
as noted above Eq. (64). Specifically, for each of the
1202 =14,400 pairings (κ, κ′), one computes the 9-tuple
(〈m11〉κ〈s11〉κ′ , . . . , 〈m33〉κ〈s33〉κ′). By eliminating dupli-
cate and non-extremal points from this set, we obtain the
vertices of the noncontextual correlation polytope.
A concrete example of a vertex of the noncontextual
correlation polytope is obtained by pairing the vertex κ1
of the noncontextual measurement-assignment polytope,
described in Eq. (78), with a vertex κ′1 of the noncon-
textual source-assignment polytope having precisely the
same components as κ1. This pairing yields〈m11〉κ1〈s11〉κ′1 〈m12〉κ1〈s12〉κ′1 〈m13〉κ1〈s13〉κ′1〈m21〉κ1〈s21〉κ′1 〈m22〉κ1〈s22〉κ′1 〈m23〉κ1〈s23〉κ′1〈m31〉κ1〈s31〉κ′1 〈m32〉κ1〈s32〉κ′1 〈m33〉κ1〈s33〉κ′1

=
 0 0 +10 0 +1
+1 +1 +1
 . (81)
Note that this vertex can also be constructed by pairing
κ3 with a corresponding κ′3, where κ3 is defined as κ1 per
Eq. (78) but with the first two rows permuted, i.e. such
that the −1 appears in the second row instead of the first.
The distinct pairings (κ1, κ′1) and (κ3, κ′3) therefore yield
duplicate noncontextual correlation points under entry-
wise product.
Another vertex of the noncontextual correlation poly-
tope is obtained by pairing the vertex κ2 of the non-
contextual measurement-assignment polytope, desribed
in Eq. (79), with a vertex κ′2 of the noncontextual source-
assignment polytope having precisely the same compo-
nents as κ2:〈m11〉κ2〈s11〉κ′2 〈m12〉κ2〈s12〉κ′2 〈m13〉κ2〈s13〉κ′2〈m21〉κ2〈s21〉κ′2 〈m22〉κ2〈s22〉κ′2 〈m23〉κ2〈s23〉κ′2〈m31〉κ2〈s31〉κ′2 〈m32〉κ2〈s32〉κ′2 〈m33〉κ2〈s33〉κ′2

=
 0 0 +1+1 0 0
0 +1 0
 . (82)
By contrast, if we pair κ1 with κ′2, we obtain a point that
is nonextremal in the noncontextual correlation polytope.
We find that the noncontextual correlation polytope has
120 vertices.10
By considering the deterministic processings of the
measurements and sources which preserve the opera-
tional Peres-Mermin scenario—that is, the processings
which preserve the compatibility relations among the
measurements, the compatibility relations among the
sources, and the manner in which the sources and the
measurements are paired—we can infer the symmetries
of the noncontextual correlation polytope, as discussed
in Appendix B. Specifically, every such symmetry bijec-
tively maps the set of vertices of this polytope to itself.
The full symmetry group is described in Appendix B, and
it is straightforward to verify that it can be generated by
the following three processings (which we also describe
10 To be clear, the 120 vertices of the noncontextual correlation
polytope should not be confused with the 120 vertices of the
noncontextual measurement-assignment polytope; they are dis-
tinct sets, subject to different symmetry classifications.
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as operations on the 3× 3 matrix):
〈m11〉γ〈s11〉γ ↔ 〈m12〉γ〈s12〉γ
〈m21〉γ〈s21〉γ ↔ 〈m22〉γ〈s22〉γ
〈m31〉γ〈s31〉γ ↔ 〈m32〉γ〈s32〉γ︸ ︷︷ ︸
Columns 1↔2
and
〈m21〉γ〈s21〉γ ↔ 〈m31〉γ〈s31〉γ
〈m22〉γ〈s22〉γ ↔ 〈m32〉γ〈s32〉γ
〈m23〉γ〈s23〉γ ↔ 〈m33〉γ〈s33〉γ︸ ︷︷ ︸
Rows 2↔3
(83)
and
〈m11〉γ〈s11〉γ ↔ −〈m11〉γ〈s11〉γ
〈m12〉γ〈s12〉γ ↔ 〈m21〉γ〈s21〉γ
〈m13〉γ〈s13〉γ ↔ −〈m31〉γ〈s31〉γ
〈m23〉γ〈s23〉γ ↔ 〈m32〉γ〈s32〉γ
〈m33〉γ〈s33〉γ ↔ −〈m33〉γ〈s33〉γ︸ ︷︷ ︸
Modified transpose
Note that the modified transpose operation appearing in
Eq. (86) is distinct from the modified transpose appear-
ing in Eq. (80).
F. Facets of the noncontextual correlation
polytope: noncontextuality inequalities
To determine the facet inequalities for the noncontex-
tual correlation polytope from its vertices, we proceed
(again) by solving the convex hull problem [27–30], dis-
cussed more fully in Appendix A.
Facet inequalities of the noncontextual correlation
polytope have the form
3∑
i,j=1
αijωij ≤ β . (84)
where {αij}ij and β are integers. Arranging the αij and
the ωij into 3 × 3 matrices and denoting the entry-wise
matrix product by ◦ and the sum of the elements of a
matrix A by su(A), we can express this as
su
α11 α12 α13α21 α22 α23
α31 α32 α33
 ◦
ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 ≤ β. (85)
We will refer to the matrix of αij ’s as the coefficient ma-
trix for the inequality.
We find that there are 184 inequalities, all of which are
expressed using coefficient matrices where ∀i, j : αij ∈
{0,−1,+1} and where β ∈ {1, 3, 5}.
Note that the deterministic processings of the experi-
ment that bijectively map the set of vertices of the non-
contextual correlation polytope to itself also bijectively
map the set of facet inequalities of the noncontextual cor-
relation polytope to itself, and vice versa. Consequently,
the symmetry group of the set of facet inequalities is
the same as the symmetry group of the set of vertices.
The value of β in a facet inequality is invariant under
the symmetry group, so that only the matrix of α co-
efficients transforms nontrivially. Given that the facet
inequalities can be expressed in the form of Eq. (85), any
map on the ω matrix can be transferred onto the matrix
of α coefficients. Consequently, the action of the symme-
try group on the coefficient matrix is precisely parallel to
that described in Eq. (83), namely, the group generated
by
α11 ↔ α12
α21 ↔ α22
α31 ↔ α32︸ ︷︷ ︸
Columns 1↔2
and
α21 ↔ α31
α22 ↔ α32
α23 ↔ α33︸ ︷︷ ︸
Rows 2↔3
and
α11 ↔ −α11
α12 ↔ α21
α13 ↔ −α31
α23 ↔ α32
α33 ↔ −α33︸ ︷︷ ︸
Modified transpose
(86)
Thus, if the α coefficient matrix of one inequality is re-
lated to that of another inequality by one of the symme-
try operations we have identified, then these two inequal-
ities are in the same symmetry class. An efficient descrip-
tion of all of the facet inequalities is achieved by describ-
ing representatives of each of the symmetry classes, and
closing under the action of the symmetries. We find that
there are just three symmetry classes of facet inequalities,
conveniently distinguished by their values of β.
The first symmetry class is trivial in the sense that the
facet inequalities therein hold for all correlations that are
logically possible in the operational Peres-Mermin sce-
nario, and consequently they are not sensitive to whether
or not the correlations admit of a noncontextual model.
Trivial Class: A representative of this class is
su
−1 +1 +10 0 0
0 0 0
 ◦
ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 ≤ 1 . (87)
Closing under the symmetries, one finds that there are
24 such inequalities, corresponding to coefficient matri-
ces where only one row or column has all nonzero ele-
ments, and such that the overall parity of these is −1.
We justify the claim that these inequalities are trivial in
Appendix C.
The term noncontextuality inequality is reserved for
those facet inequalities of the noncontextual correlation
polytope that are nontrivial. There are two symmetry
classes of these.
Nontrivial Class I: A representative of this class is
su
−1 0 +1+1 0 +1
0 −1 0
 ◦
ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 ≤ 3 . (88)
Closing under the symmetries, one finds that there are
144 such inequalities, all of which can be constructed as
follows: Choose a special position in the matrix of coef-
ficients, say element αij , and make it +1 or −1. Let all
other elements in the same row or column of the coeffi-
cients matrix be zero. Finally, choose any assignment of
±1 for the remaining four elements such that the overall
21
parity of the five nonzero elements is +1. The example
inequality of Eq. (88) is one of the eight inequalities that
follow by starting with α32 = −1 as the special element.
An example of an inequality from this class that is
maximally violated by the noiseless quantum realization
of the operational Peres-Mermin scenario (described in
Sec. IV.A.1) is
su
+1 +1 0+1 +1 0
0 0 +1
 ◦
ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 ≤ 3 , (89)
as we will demonstrate in the next section.
Nontrivial Class II: A representative of this class is
su
+1 −1 −1+1 +1 +1
+1 −1 −1
 ◦
ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 ≤ 5 . (90)
Closing under the symmetries, one finds that there are 16
inequalities in this class, all of which have only nonzero
elements in the coefficient matrix. The 16 inequalities are
precisely those whose coefficient matrices have +1 overall
parity for every row and every column.
An example of an inequality from this class that is
maximally violated by the noiseless quantum realization
of the operational Peres-Mermin scenario (described in
Sec. IV.A.1) is
su
+1 +1 +1+1 +1 +1
+1 +1 +1
 ◦
ω11 ω12 ω13ω21 ω22 ω23
ω31 ω32 ω33
 ≤ 5 , (91)
as we will demonstrate in the next section.
1. Quantum violation of the inequalities
We have already seen in Sec. III.B that one can iden-
tify sharp quantum sources and sharp quantum measure-
ments that satisfy the Peres-Mermin compatibility struc-
ture and whose statistics are inconsistent with a univer-
sally noncontextual model. These quantum sources and
measurements must therefore violate our inequalities. In-
deed, for these quantum sources and measurements, it
follows from Eq. (35) that ∀i, j : ωij = 1, that is, every
one of the nine source-measurement pairs exhibits per-
fect correlation. This implies that the right-hand side
of the noncontextuality inequality of Eq. (89) evaluates
to 5 for this quantum realization, thereby exceeding the
noncontextual bound of 3. It also implies that the right-
hand side of the noncontextuality inequality of Eq. (89)
evaluates to 9, which exceeds the noncontextual bound
of 5.
2. Robustness of the inequalities to noise
We now demonstrate explicitly how the noncontextu-
ality inequalities we have derived are robust to noise by
showing that the noisy quantum realization of the oper-
ational Peres-Mermin scenario, described in Sec. IV.A.2,
can still lead to a violation. Recall that this consisted of
quantum sources and quantum measurements that were
the image under a partial depolarization map of those
appearing in the no-go theorem of Sec. III.B.
For these noisy sources and measurements, the value of
the correlation for each of the nine source-measurement
pairs was computed, as a function of the weight r of the
identity map in the partial depolarization, in Eq. (51).
Translating into the ωij notation of Eq. (60), the result
is
∀i, j : ωij = r2. (92)
Substituting this expression into the noncontextuality
inequality of Eq. (89), we obtain
5r2 ≤ 3, (93)
Consequently, as long as the level of noise is such that
r >
√
3√
5 ' 0.77460, one has a violation of the noncon-
textuality inequality. (Lower values of r correspond to
stronger noise, so this is an upper bound on the noise.)
Similarly, from the noncontextuality inequality of
Eq. (91), we obtain
9r2 ≤ 5. (94)
implying that we require r >
√
5√
9 ' 0.73536 to see a
violation.
Because
√
5
9 <
√
3√
5 , the noncontextuality inequality of
Eq. (91) can tolerate more noise than that of Eq. (89).
We have shown that our noncontextuality inequalities
still admit a violation even in the presence of significant
depolarizing noise relative to the ideal quantum realiza-
tion. As such, the fact that any attempt at an experi-
mental implementation of the ideal quantum sources and
measurements inevitably only realizes noisy versions of
these is not an obstacle to demonstrating an experimen-
tal failure of noncontextuality.
V. HOW TO IMPLEMENT AN
EXPERIMENTAL TEST OF THESE
INEQUALITIES
The assumption of noncontextuality only has nontriv-
ial consequences if one has experimentally verified that
certain operational equivalence relations hold among the
measurements and among the sources. This creates a
problem for experimental tests of noncontextuality be-
cause the definition of operational equivalence for sources
is in terms of equivalence of statistics for all measure-
ments, and for measurements it is in terms of equivalence
of statistics for all sources, and, strictly speaking, one can
never experimentally implement all possible procedures
of either type. The problem may be summarized as the
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physical impossibility of verifying any criterion that in-
volves a universal quantifier. We here explain our view
on what is the appropriate attitude to take towards this
problem.
A tomographically-complete set of measurements is de-
fined as a set of measurements whose statistics are suf-
ficient to infer the statistics of any other measurement.
A tomographically-complete set of sources is defined as
a set of sources whose statistics are sufficient to infer
the statistics of any other source. It follows that to judge
operational equivalence relations among sources, it is suf-
ficient to consider their statistics on a tomographically-
complete set of measurements rather than on all mea-
surements, and to judge operational equivalence relations
among measurements, it is sufficient to consider their
statistics on a tomographically-complete set of sources
rather than on all sources. The problem therefore re-
duces to identifying tomographically complete sets for
each.
It is well known that in quantum theory, the set of
observables obtained by taking all products of Pauli op-
erators corresponds to a tomographically complete set of
measurements for a pair of qubits. Therefore, quantum
theory dictates that one must supplement the products
of Pauli operators appearing in the Peres-Mermin square
with all the other nontrivial products of Pauli operators,
that is, with {Y ⊗X,Y ⊗Z, Y ⊗1,1⊗Y,X ⊗Y,Z ⊗Y },
in order to obtain a tomographically complete set. Con-
sequently, by the lights of quantum theory, in order to
test operational equivalence relations among the sources,
it is necessary to do more measurements than appear in
the Peres-Mermin square construction.
Furthermore, if one seeks to implement a direct exper-
imental test of noncontextuality, then one does not want
to presume the correctness of quantum theory. As such,
it is inappropriate to presume that the fifteen binary-
outcome measurements that one expects to be tomo-
graphically complete by the lights of quantum theory are
in fact tomographically complete. Instead, one should
accumulate experimental evidence for this hypothesis by
implementing the greatest diversity of measurements on
the system that one can and by verifying that the statis-
tics for each such measurement can be inferred from the
statistics of the hypothetical tomographically complete
set.
Similar comments apply for the problem of identifying
a tomographically complete set of sources for the purpose
of evaluating operational equivalence relations among the
measurements.
We refer the reader to Ref. [31] for more details on
how to acquire experimental evidence for a given set
of measurements (preparations) being tomographically
complete.
Even given good evidence of tomographic complete-
ness, one faces another problem with experimentally ver-
ifying operational equivalences, namely, that if one aims
to implement a particular set of procedures (termed the
target procedures), the unavoidable imprecision of exper-
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FIG. 3: The hypergraph representing compatibility and
operational equivalence relations among the eighteen
measurements {MRij}ij ∪ {MCij}ij defined in the text.
imental implementations implies that one inevitably fails
to do so precisely, and one’s experiment instead realizes
a set of procedures that deviate from the target proce-
dures, termed the primary procedures. Given the failure
of the primary procedures to coincide with the target
procedures, operational equivalence relations that hold
among the target procedures need not hold among the
primary procedures. The primary procedures therefore
do not generally realize the operational equivalence rela-
tions that are the starting point for derivations of noncon-
textuality inequalities. This has been termed the prob-
lem of “no strict operational equivalences” in Ref. [13].
Before describing how to resolve it, we specify how it
arises in the context of the Peres-Mermin construction.
There are eighteen target measurement procedures,
corresponding to six compatible triples of binary-
outcome measurements, one triple for each row and col-
umn of the square. Recall that we denoted the 4-outcome
measurement that simulates all of the binary-outcome
measurements in the first row by MR1 and its outcome
by the pair of binary-outcome variables (mR1,1,mR1,2).
Recall also that we defined MR11 to be the binary-outcome
measurement procedure one obtains by implementing
MR1 and outputting the single binary variable mR11 =
mR1,1 (i.e., by marginalizing over mR1,2). Similarly, we
defined MC11 to be the binary-outcome measurement pro-
cedure that one obtains by implementing MC1 and out-
puting the single binary variable mC11 = mC1,1 (i.e., by
marginalizing over mC1,2). MR11 and MC11 are two of the
target procedures. Although they are distinct in the
sense of involving different physical operations in the lab-
oratory, they are requried to be operationally equivalent
in order for the assumption of noncontextuality to have
any nontrivial consequences. Similar comments hold for
the pair of procedures associated to each of the other
points of the Peres-Mermin square. Consequently, if in-
stead of considering the hypergraph where the nodes are
operational equivalence classes of measurement proce-
dures and the hyperedges are compatibility relations as
we did in Fig. 1, we consider the hypergraph where the
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FIG. 4: The hypergraph representing compatibility and
operational equivalence relations among the eighteen
sources {SRij}ij ∪ {SCij}ij defined in the text.
nodes are individual measurements, and there are two
types of hyperedges, one denoting compatibility relations
and the other denoting operational equivalence relations,
then we can represent the set of target measurement pro-
cedures by Fig. 3.
Note that all of the relationships of compatibility that
hold among the measurements are guaranteed by the
manner in which those measurements are implemented.
Specifically, for every set of compatible measurements in
the experiment, these are implemented by various coarse-
grainings of a single measurement. As such, the com-
patibility relations are ensured by construction, and no
further evidence must be accumulated to confirm their
presence. Only the operational equivalence relations
among these different coarse-grained measurements must
be tested explicitly.
This distinguishes our approach from other approaches
to experimental tests of noncontextuality [23] wherein the
compatibility relations must be tested explicitly. In the
latter approaches, the experiment seeks to implement a
single measurement procedure M before or after another
measurement M′ which is drawn from a set of possibili-
ties that are compatible with M but incompatible with
one another. It is then critical to demonstrate that the
procedures M and M′ that are actually realized in the
experiment are indeed compatible.
Similar comments apply to sources. In a hypergraph
where the nodes are individual sources, and there are
two types of hyperedges, one denoting compatibility re-
lations and the other denoting operational equivalence
relations, we represent the set of target sources by Fig 4.
If every set of compatible sources is implemented by a
coarse-graining of a single source, then the compatibility
relations among the sources are achieved by construction
and only the operational equivalence relations need to be
tested.
We are now in a position to describe the problem
of no strict operational equivalences in the case of
Peres-Mermin. Given the unavoidable deviation of the
actually-realized procedures (the primary procedures)
from the target procedures, one expects that for each
ij, the actually-implemented versions of MRij and of MCij
will not be strictly operationally equivalent, nor will the
actually-implemented versions of SRij and of SCij .
The resolution to this problem was provided in Ref. [13]
and proceeds as follows. When one’s experiment realizes
a finite set of primary procedures, it simultaneously pro-
vides a characterization of an infinite set of procedures,
namely, those that can be obtained by classical post-
processing of the set of primary procedures, for instance,
any procedure in the convex hull of these. One can then
choose a set of secondary procedures from among this
infinite set under the constraint of exactly satisfying the
desired operational equivalence relations.
Specifically, we select secondary versions of the 4-
outcome measurements and 4-outcome sources, under
the constraint that the binary-outcome measurements
and sources that they define precisely satisfy the opera-
tional equivalence relations depicted in the hypergraphs
of Figs. 3 and 4 respectively.
Once this is done, one uses the secondary versions of
the nine binary-outcome measurements and nine binary-
outcome sources to compute the correlations {ωij}ij . Be-
cause the operational equivalences hold for these sec-
ondary measurements and sources, the assumption of
noncontextuality implies a constraint on their ontological
representation, and consequently the operational corre-
lations exhibited by these secondary measurements and
sources are expected to satisfy the noncontextuality in-
equalities if the experiment admits of a noncontextual
model. A violation of these inequalities by the secondary
procedures, therefore, witnesses a failure of noncontextu-
ality.
VI. CONCLUSIONS
In this paper, we have derived a set of noncontextual-
ity inequalities based on the Peres-Mermin square proof
of the impossibility of a KS-noncontextuality in quantum
theory. These inequalities are robust to noise and con-
sequently they can be tested directly by experiment. If
they are found to be violated by experiment, then not
only quantum theory, but any physical theory that can
do justice to the experimental data must fail to admit of
a noncontextual model. The procedure we have outlined
for deriving such inequalities is quite general and can be
applied to other state-independent proofs of the Kochen-
Specker theorem, particularly those that are expressed
algebraically.
In Appendix D, we contrast our approach with previ-
ous attempts at deriving operationally-meaningful non-
contextuality inequalities based on the Peres-Mermin
square and we criticize the latter.
The technique we have described here can be applied
to deriving inequalities for correlations in the full set of
81 source-measurement pairings, or even to deriving in-
equalities on these together with the nine marginal ex-
pectation values for the measurements alone and the nine
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marginal expectation values for the sources alone. What
prevented us from doing so here was the computational
infeasibility of solving the associated convex hull prob-
lems, using the best algorithms for this problem that we
could identify and given the computational resources we
devoted to the task. It is conceivable, however, that by
leveraging our knowledge of the symmetries of the poly-
topes involved in the problem, one might render it com-
putationally feasible using the same algorithms and com-
putational resources. We are also hopeful that the graph-
theoretic techniques for analyzing contextuality scenar-
ios, described in Refs. [32–34], might suggest better al-
gorithms for deriving these inequalities.
It is worth noting that the technique for deriving non-
contextuality inequalities we have introduced here, inso-
far as it reduces to a convex hull problem, is an instance
of the problem of quantifier elimination. Recent work in
quantum foundations has seen increasing use of quanti-
fier elimination algorithms. Fourier-Motzkin elimination,
which is appropriate for problems wherein the depen-
dence on the variables to be eliminated is linear, has been
used to derive Bell inequalities [35], and also recently, to
derive Bell-like inequalities for novel causal scenarios [36–
38]. In Ref. [38], where the problem is reduced to what
is known as the classical marginals problem—that of de-
termining whether a given set of distributions on various
subsets of a set of variables can arise as the marginals
of a single joint distribution over all of the variables—
and this problem can be solved by performing quantifier
elimination on the probabilities in the joint distributions
using convex hull algorithms. Nonlinear quantifier elim-
ination using computational algebraic geometry has also
found application in deriving Bell-like inequalities in sim-
ple scenarios [39]. We anticipate that these more general
techniques for quantifier elimination will ultimately also
find applications to the derivation of noncontextuality
inequalities.
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Appendix A: Polytope Representation Conversion
The problem of converting between polytope represen-
tations is essential to our technique for deriving noncon-
textuality inequalities. We describe the abstract mathe-
matical problem here, and refer the reader to various soft-
ware packages which are capable of solving it efficiently.
A polytope may be uniquely characterized in terms of
two dual descriptions: (1) as a collection of facet-defining
inequalities, which is called the halfspace representation
of the polytope, denoted H-rep, or (2) as a collection of
vertices, which is called the vertex representation of the
polytope, denoted V-rep. It turns out that facet enumer-
ation from vertices and vertex enumeration from facets
are exactly the same computational problem. To under-
stand the representation conversion problem in general,
it is imperative to first understand the computational
data structures used to represent a collection of points
or a collection of inequalities pertaining to d-dimensional
vector spaces.
We elect to represent the inequality
0 ≤ c0 +
d∑
i=1
cixi
by the (d+ 1)-dimensional vector
h :=
{
c0
g
,
c1
g
, ...,
cd
g
}
where g is chosen to efficiently store h in computer mem-
ory. For rational coefficients, taking g = GCD[c0, ..., cd]
allows h to be stored as a vector of integers11. Indeed,
for the sort of contextuality problems that involve linear
rational compatibility relationships (such as the opera-
tional Peres-Mermin scenario), we can always represent
the pertinent inequalities by vectors of integers.
We elect to represent the point
x := {x1, ..., xd}
11 GCD stands for Greatest Common Divisor; here we
are applying GCD to the field of rational numbers,
see functions.wolfram.com/IntegerFunctions/GCD and
math.stackexchange.com/q/151081.
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by the (d+ 1)-dimensional vector
v :=
{
1
g′
,
x1
g′
, ...,
xd
g′
}
where g′ is chosen to efficiently store v in com-
puter memory. For rational components, taking
g′ = GCD[x1, ..., xd] allows v to be stored as a vector
of integers.
If a polytope has n facet inequalities, then given that
each of these can be represented by a (d+1)-dimensional
vector, its halfspace representation can be given as an
n×(d+1) matrix
H :=
h
(1)
...
h(n)
 . (A.1)
We refer to H = {h(i)}i as the H-rep matrix.
Similarly, if a polytope has m vertices, then given that
each of these can be represented by a (d+1)-dimensional
vector, its vertex representation can be given as an
m×(d+1) matrix
V :=
v
(1)
...
v(m)
 . (A.2)
We refer to V = {v(j)}j as the V-rep matrix.
It follows that a facet enumeration algorithm takes a
V-rep matrix as input and returns an H-rep matrix as
output, while a vertex enumeration algorithm takes an
H-rep matrix as input and returns a V-rep matrix as
output. We now show that the algorithms are equivalent.
A set of point-vectors V = {v(j)}j defines the V-rep
of a polytope relative to some H-rep inequalities-matrix
H = {h(i)}i if and only if the following conditions hold:
Consistent: Every element of {v(j)}j must satisfy all of
the facet inequalities,
∀i, j : h(i) · v(j) ≥ 0.
Complete: Every point x which cannot be expressed as
a positive combination of the elements of {v(j)}j
must violate some facet inequality,
∀x 6∈ PosLinSpan [{v(j)}j] ,∃i : h(i) · x < 0.
Concise: No element of {v(j)}j is a positive combination
of the others,
∀j : v(j) 6∈ PosLinSpan [{v(k)}k 6=j].
A set of inequality-vectors H = {h(i)}i defines
the H-rep of a polytope relative to some V-rep
vertices-matrix V = {v(j)}j if and only if the following
conditions hold:
Consistent: Every inequality in the set {h(i)}i is satis-
fied by all of the vertices of the polytope,
∀i, j : h(i) · v(j) ≥ 0.
Complete: Any inequality c which cannot be expressed
as a positive combination of the inequalities {h(i)}i
must be violated by at least one vertex of the poly-
tope,
∀c 6∈ PosLinSpan [{h(i)}i], ∃j : c · v(j) < 0.
Concise: No inequality in {h(i)}i is a positive combina-
tion of the others,
∀i : h(i) 6∈ PosLinSpan [{h(k)}k 6=i].
It should now be clear that the conditions which define
the dual representation are symmetric with respect to the
interchange of H and V . Consequently, the polytope
representation conversion task is a single computational
problem, oblivious to the subjective interpretation of the
task as facet enumeration or vertex enumeration. The
common underlying computational task is conventionally
referred to as the convex hull problem.
In the general procedure for deriving robust opera-
tional noncontextuality inequalities, one encounters the
convex hull problem three times:
1. When one enumerates the vertices of the noncon-
textual measurement-assignment polytope starting from
its facet inequalities (71a-71b), one is performing H-rep
to V-rep conversion.
2. When one enumerates the vertices of the noncontex-
tual source-assignment polytope starting from its facet
inequalities (74a-74b), one is performing H-rep to V-rep
conversion.
3. When one enumerates the facets of the noncontex-
tual correlation polytope starting from its vertices, one
is performing V-rep to H-rep conversion.
For the problem of interest in this article, the
Peres-Mermin scenario, the noncontextual measurement-
assignment polytope coincides with the noncontextual
source-assignment polytope, so the first two instances of
the convex hull problem are the same, converting 24 facet
inequalities into 120 vertices. The third instance con-
cerns the noncontextual correlation polytope, and con-
verts the 120 vertices thereof into 184 facet inequalities.
Solving the convex hull problem can, in practice, be
accomplished by a variety of algorithms; the most promi-
nent implementation is the dual description method. For
details on the various algorithms used to solve the con-
vex hull problem see Refs. [27–30]. Efficient convex hull
solvers are abundant in current software packages.12
Note that when we infer the vertices of the non-
12 PORTA: [Executable] Older software, limited to moderate dimen-
sion polytopes (d . 100), nevertheless PORTA is quite fast. CDD,
LRS & SymPol: [Executables & C-libraries] All accept the same
style of input file. The CDD binary is no longer being updated,
but it’s quite fast. LRS uses a different internal algorithm than
CDD; sometimes it is much faster, sometimes much slower. SymPol
can automatically discover symmetries to reduce the size of the
computation, and is the authors’ preferred tool for solving large
convex hull problems in the presence of high symmetry, such
as is very often the case in noncontextuality polytopes. Qhull:
[Multiple interfaces] Widely used, but suboptimal for high di-
mensional polytopes. Skeleton & Qskeleton: [Executables] The
fastest convex hull solvers in the authors’ informal benchmark-
ing; both accept the same style of input file. polytope: [Python
package] Polyhedral geometry software with good convex hull
27
contextual correlation polytope from the superset of
all possible pairings of vertices from the noncontex-
tual measurement-assignment polytope and the noncon-
textual source-assignment polytope, the computational
problem is one of redundancy removal. Redancy removal
is the task of isolating the vertices from a set of non-
extremal points, or, computationally equivalently, isolat-
ing the irredundant linear constraints from some incon-
cise collection of inequalities. Standard algorithms have
been developed for redundancy removal [40, 41], and a
variety of current software tools are also available.13
Appendix B: Deterministic processings of the
experimental procedures that preserve the
compatiblity relations of the Peres-Mermin scenario
When we express our noncontextuality inequalities in
Sec. IV.F, the description of the full set of such inequal-
ities is simplified by appealing to the symmetries of the
operational construction. These symmetries correspond
to processings of the experiment that permute source-
measurement pairs (i.e., deterministically process the set-
ting variables in a correlated fashion), and that determin-
istically process the outcomes of the measurements and
(independently) the outcomes of the sources. It is there-
fore useful to explicitly characterize these symmetries.
Suppose one has an experiment satisfying the opera-
tional features of the Peres-Mermin scenario. This means
that there are nine equivalence classes of binary-outcome
measurements, {M11, . . . ,M33}, satisfying the compat-
ibility hypergraph of Fig. 1 and the compatibility re-
lations defined around Eqs. (42a-42c). Similarly, there
are nine equivalence classes of binary-outcome sources,
{S11, . . . ,S33}, satisfying the compatibility hypergraph
of Fig. 2 and the compatibility relations defined around
Eqs. (45a-45c).
Now suppose that from these one defined a new pair
of sets, {M′11, . . . ,M′33} and {S′11, . . . ,S′33}, as process-
ings of {M11, . . . ,M33} and {S11, . . . ,S33} as follows.
To implement the source-measurement pair (S′ij ,M′ij),
one begins by implementing the source-measurement pair
(Spi(ij),Mpi(ij)), where pi is some permutation of the nine
positions in the Peres-Mermin square, and then for each
Mpi(ij), one multiplies its outcome by ζij ∈ {−1,+1}
performance if used with GLPK bindings. polymake: [Software
for Linux & Mac] Versatile polyhedral geometry software, ca-
pable of much more than just convex hull. polymake offers se-
lecting amongst multiple internal convex hull algorithms. PANDA:
[Executable & C-library] Given a description of known symme-
tries, PANDA is capable of converting polytope representations ex-
tremely efficiently; the symmetries are specified relative to the
polytope’s coordinate system.
13 The authors customized a redundancy removal script to uti-
lize MOSEK’s efficient linear programming features; code available
upon request. Filtering for extremality is also available natively
in many polyhedral geometry software tools. A single-purpose
freely-available tool is the redund binary which ships with LRS.
(thereby either flipping its value or leaving it the same)
and for each Spi(ij), one multiplies its outcome by γij ∈
{−1,+1}.
The deterministic processings by which the outcomes
of the original measurements and sources are mapped to
those of the primed measurements and sources can be
expressed as follows. Denoting component-wise product
of matrices by ◦,m′11 m′12 m′13m′21 m′22 m′23
m′31 m
′
32 m
′
33

=
ζ11 ζ12 ζ13ζ21 ζ22 ζ23
ζ31 ζ32 ζ33
 ◦
mpi(11) mpi(12) mpi(13)mpi(21) mpi(22) mpi(23)
mpi(31) mpi(32) mpi(33)
 (B.1)
and s′11 s′12 s′13s′21 s′22 s′23
s′31 s
′
32 s
′
33

=
γ11 γ12 γ13γ21 γ22 γ23
γ31 γ32 γ33
 ◦
spi(11) spi(12) spi(13)spi(21) spi(22) spi(23)
spi(31) spi(32) spi(33)
 (B.2)
We must determine what constraints on pi, {ζij} and
{γij} are implied by the requirement that the primed
measurements have the compatibility relations of the
Peres-Mermin scenario.
We begin by deriving some necessary conditions on the
permutation pi. To have the right compatibility struc-
ture, it is necessary that each of the rows and columns of
primed measurements in the Peres-Mermin square (and
those of the primed sources) must constitute a compati-
ble triple. It is necessary, therefore, that each must be the
image, under the permutation pi, of a compatible triple
in the original set of nine measurements (respectively
sources), and given that the only triples that are com-
patible in the original set are the rows and columns, it
follows that each must be the image of a row or column
of the original. The overall permutation must therefore
be generated by permutations of the rows, permutations
of the columns, and the transpose of the Peres-Mermin
square.
But this condition is not sufficient. We also require
the particular compatibility relations among the nine
primed measurements (and sources) to be those spec-
ified in the operational Peres-Mermin scenario. That
is, we require that there exist six 4-outcome measure-
ments M′R1 ,M
′
R2 , . . . ,M
′
C3 such that primed versions of
Eqs. (42a-42c) hold for the first row, and its analogues
hold for the other rows and the first two columns, and
primed versions of Eqs. (44a-44c) hold for the third
column, and we require that there exist six 4-outcome
sources S′R1 ,S
′
R2 , . . . ,S
′
C3 such that primed versions of
Eqs. (45a-45c) hold for the first row, and its analogues
hold for the other rows and the first two columns, and
primed versions of Eqs. (46a-46c) hold for the third col-
umn.
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We require that for any triple corresponding to a row or
a column in the primed Peres-Mermin square, the prod-
uct of the outcomes in any given run of the experiment
must be the same as the product of the outcomes from
the corresponding triple in the original square. In other
words, the deterministic processing is required to satisfy
m′am
′
bm
′
c = mambmc. (B.3)
for all (a, b, c) corresponding to compatible triples. Given
Eq. (B.1), it follows that
ζaζbζc =
mambmc
mpi(a)mpi(b)mpi(c)
, (B.4)
Now note that the compatibility relations imply that
for each of the nine compatible triples of measurements,
the associated triple of outcomes that one can obtain in
any run of the experiment has a fixed product, namely,
m11m12m13 = +1,
m21m22m23 = +1,
m31m32m33 = +1,
m11m21m31 = +1,
m12m22m32 = +1,
m13m23m33 = −1.
(B.5)
(To be clear, we are not here assuming that the particular
triple of values that are assigned to, say, m11,m12, and
m13, need to be assigned deterministically. Even if the
assignment is indeterministic, so that this triple of val-
ues is sampled from some probability distribution, the
compatibility relations defining the Peres-Meremin con-
struction dictate that only those triples of values that
satisfy m11m12m13 = 1 have a nonzero probability of oc-
currence.)
Consequently, if the permutation pi is such that the
third column is mapped to itself, then for all triples,
ζaζbζc = +1. (B.6)
If, on the other hand, the permutation pi maps the
third column to a different triple, then
ζaζbζc =
{−1 for this distinguished pair of triples
+1 for the other four triples.
(B.7)
The same constraints hold for the γ’s.
It is useful at this stage to distinguish three sorts of
permutations of the Peres-Mermin square. Some no-
tation is required to do so. Let the 2-cycle that in-
terchanges the (ij)th element of the square with the
(i′j′)th element be denoted ((ij)(i′j)). Let the per-
mutation of the first and second row be denoted by
(R1R2), and similarly for other cases, that is, (R1R2) =
((11)(21))((12)(22))((13)(23))), etcetera. Let the trans-
pose of the Peres-Mermin square be denoted T , that
is, T = ((13)(31))((12)(21))((23)(32)). Finally, let the
group closure of a set of permutations be denoted “clos”.
The set of all permutations of the Peres-Mermin square
that map the third column to itself is:
PA :=
{
pi =p˜iCpiR :
piR ∈ clos{(R1R2), (R2R3)},
p˜iC ∈ clos{(C1C2)}
}
.
(B.8)
Here, piR runs over all permutations of the rows, and p˜iC
is either identity or the swap of the first two columns.
Of those permutations that do not take the third col-
umn to itself, it is useful to distinguish those that take it
to another column, denoted PB , and those that take it
to a row, denoted PC . These are defined as follows:
PB :=
{
pi =p˜iCpiR(C2C3) :
piR ∈ clos{(R1R2), (R2R3)},
p˜iC ∈ clos{(C1C2)}
}
,
(B.9)
where again piR runs overs all permutations of the rows,
and p˜iC is either identity or the swap of the first two
columns, and
PC :=
{
pi =piCpiR :
piR ∈ clos{(R1R2), (R2R3)},
piC ∈ clos{(C1C2), (C2C3)}
}
,
(B.10)
where piR runs overs all permutations of the rows, and
piC runs over all permutations of the columns.
We can now specify what sorts of deterministic process-
ings of the outcomes (for measurements and for sources)
are allowed for each of these types of permutations.
The fact noted at Eq. (B.6) implies that if pi ∈ PA,
then the ζ’s must satisfy
ζ11ζ12ζ13 = +1,
ζ21ζ22ζ23 = +1,
ζ31ζ32ζ33 = +1,
ζ11ζ21ζ31 = +1,
ζ12ζ22ζ32 = +1,
ζ13ζ23ζ33 = +1.
(B.11)
The solutions of these equations include the case of ζij =
+1 for all ij as well as those of the formζ11 ζ12 ζ13ζ21 ζ22 ζ23
ζ31 ζ32 ζ33
 =
−1 −1 +1−1 −1 +1
+1 +1 +1
 (B.12)
and any matrix of ζ’s obtained from this one by permuta-
tion of the rows and columns. The set of such ζ matrices,
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denoted ZA, can be expressed as
ZA := {(ζ11, . . . , ζ33) : ∀i, j : ζij = +1}
∪{(ζ11, . . . , ζ33) : ∃i 6= i′, j 6= j′,
ζij = ζi′j = ζij′ = ζi′j′ = −1,
ζkl = +1 otherwise}.
(B.13)
Precisely the same analysis holds for the γ’s, so the set
of γ matrices that preserve the compatibility relations if
pi ∈ PA is also ZA.
It follows that if
(pi, {ζij}, {γij}) ∈ PA × ZA × ZA, (B.14)
then the primed measurements and sources have the com-
patibility relations of the Peres-Mermin scenario.
Next, consider the case where pi ∈ PB . It is useful to
focus on a specific example, namely, pi = (C2C3). The
fact noted at Eq. (B.7) implies that the ζ’s must satisfy
ζ11ζ12ζ13 = +1,
ζ21ζ22ζ23 = +1,
ζ31ζ32ζ33 = +1,
ζ11ζ21ζ31 = +1,
ζ12ζ22ζ32 = −1,
ζ13ζ23ζ33 = −1.
(B.15)
Solutions of these equations are of the formζ11 ζ12 ζ13ζ21 ζ22 ζ23
ζ31 ζ32 ζ33
 =
+1 +1 +1+1 +1 +1
+1 −1 −1
 (B.16)
and any matrix of ζ’s obtained from this one by
component-wise multiplication with an element of ZA.
The set of such ζ matrices, denoted ZB , can therefore be
expressed as
ZB :=
Z ◦
+1 +1 +1+1 +1 +1
+1 −1 −1
 : Z ∈ ZA
 (B.17)
Similarly, the set of γ matrices that preserve the com-
patibility relations if pi ∈ PB are those in ZB .
It follows that if
(pi, {ζij}, {γij}) ∈ PB × ZB × ZB , (B.18)
then the primed measurements and sources have the com-
patibility relations of the Peres-Mermin scenario.
Finally, we consider the third class of permutations,
PC . Again, we begin by focusing on a particular permu-
tation in that class, namely, the transpose, pi = T . The
fact noted at Eq. (B.7) implies that in this case the ζ’s
must satisfy
ζ11ζ12ζ13 = +1,
ζ21ζ22ζ23 = +1,
ζ31ζ32ζ33 = −1,
ζ11ζ21ζ31 = +1,
ζ12ζ22ζ32 = −1,
ζ13ζ23ζ33 = −1.
(B.19)
Solutions of these equations are of the formζ11 ζ12 ζ13ζ21 ζ22 ζ23
ζ31 ζ32 ζ33
 =
+1 +1 +1+1 +1 +1
+1 +1 −1
 (B.20)
and any matrix of ζ’s obtained from this one by
component-wise multiplication with an element of ZA.
The set of such ζ matrices, denoted ZC , is therefore
ZC :=
Z ◦
+1 +1 +1+1 +1 +1
+1 +1 −1
 : Z ∈ ZA
 (B.21)
The set of γ matrices that preserve the compatibility
relations if pi ∈ PC are also those in ZC .
It follows that if
(pi, {ζij}, {γij}) ∈ PC × ZC × ZC , (B.22)
then the primed measurements and sources have the com-
patibility relations of the Peres-Mermin scenario.
We have now exhaustively enumerated all of the
choices of symmetry operations (pi, {ζij}, {γij}) that pre-
serve the compatibilty relations of the Peres-Mermin sce-
nario. We turn to the question of how these symme-
try operations transform the noncontextuality inequali-
ties that we derive.
Recall that our noncontextuality inequalities will ulti-
mately only refer to the following nine products of a mea-
surement outcome variable with its corresponding source
outcome variable:s11m11 s12m12 s13m13s21m21 s22m22 s23m23
s31m31 s32m32 s33m33
 (B.23)
If we perform a deterministic processing (pi, {ζij}, {γij})
then the relevant products of outcome variables for the
primed experiment are given bys′11m′11 s′12m′12 s′13m′13s′21m′21 s′22m′22 s′23m′23
s′31m
′
31 s
′
32m
′
32 s
′
33m
′
33

=
η11ζ11 η12ζ12 η13ζ13η21ζ21 η22ζ22 η23ζ23
η31ζ31 η32ζ32 η33ζ33

◦
spi(11)mpi(11) spi(12)mpi(12) spi(13)mpi(13)spi(21)mpi(21) spi(22)mpi(22) spi(23)mpi(23)
spi(31)mpi(31) spi(32)mpi(32) spi(33)mpi(33)
 (B.24)
Note that only the component-wise product of the ζ
matrix and the γ matrix is relevant for the products of
outcomes of interest. The sets of such products, in each
of the three cases considered above, are
DA := {Z ◦ Z ′ : Z,Z ′ ∈ ZA} ,
DB := {Z ◦ Z ′ : Z,Z ′ ∈ ZB} ,
DC := {Z ◦ Z ′ : Z,Z ′ ∈ ZC} .
(B.25)
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However, it is straightforward to verify that these three
sets are equivalent,
DA = DB = DC , (B.26)
and easy to determine. They are simply the union of ZA
and all matrices of the form−1 −1 +1−1 +1 −1
+1 −1 −1
 , (B.27)
or obtainable from this one by permutations of the rows
and columns.
Appendix C: The trivial facet inequalities of the
noncontextual correlation polytope
Here we justify the claim that the inequalities in the
symmetry class of Eq. (87) are trivial in the sense that
they hold for any correlations arising in the operational
Peres-Mermin scenario, independently of whether they
admit of a noncontextual model or not. Consider the
binary-outcome variables defined as products of outcome
variables for source-measurement pairs in the first row
of the Peres-Mermin square, s11m11, s12m12 and s13m13.
Recalling Eqs. (42a-42c), for every run of the experiment
we have m11m12m13 = 1, and recalling Eqs. (45a-45c),
for each run we have s11s12s13 = 1. This implies that for
each run we have (s11m11)(s12m12)(s13m13) = 1. Given
this constraint, it follows that the expectation values of
the three variables, s11m11, s12m12 and s13m13, are de-
termined by a joint probability distribution over two of
them. But then, positivity of the probabilities in this
distribution implies, by an argument articulated around
Eqs. (68,69), that
for all a, b ∈ {−1,+1} :
− a〈s11m11〉 − b〈s12m12〉 − ab〈s13m13〉 ≤ 1. (C.1)
Eq. (87) is of this form.
Note that for the third column of the Peres-Mermin
square, Eqs. (44a-44c) imply that for every run of the
experiment we have m13m23m33 = −1, and Eqs. (46a-
46c) imply that for each run we have s13s23s33 = −1,
but these together yield (s13m13)(s23m23)(s33m33) = 1,
exactly as we have for the other columns and the rows.
Appendix D: Criticism of a previous proposal for a
noncontextuality inequality based on the
Peres-Mermin square
In this section, a prior proposal for an experimental
test of noncontextuality based on the Peres-Mermin proof
of the Kochen-Specker theorem, that of Cabello [42], will
be reviewed and criticized. Our criticisms here parallel
those provided in Appendix C of Ref. [14] for a simi-
lar proposal that was based on a different proof of the
Kochen-Specker theorem.
We describe the proposal of Ref. [42] using the no-
tation introduced in this article. There are nine op-
erational quantities appearing in the inequality derived
therein, corresponding to the expectation value, rel-
ative to an arbitrary preparation P , of the product
of the outcomes of each of the six triples of com-
patible measurements in the Peres-Mermin scenario:
〈m11m12m13〉P , 〈m21m22m23〉P , . . . , 〈m13m23m33〉P . Only
the average of these expectation values is considered in
Ref. [42]; we denote it
(D.1)
R(P ) ≡ 〈m11m12m13〉P + 〈m21m22m23〉P
+ 〈m31m32m33〉P + 〈m11m21m31〉P
+ 〈m12m22m32〉P − 〈m13m23m33〉P ,
The inequality derived in Ref. [42] is
R(P ) ≤ 4. (D.2)
We dispute the notion that this inequality delimits the
boundary between contextual and noncontextual theo-
ries, and therefore also the notion that experimental vi-
olations thereof, such as those achieved in Refs. [43–
45], have any bearing on the possibility of noncontextual
models, for reasons that we presently outline.
We begin by reviewing the argument presented in
favour of Eq. (D.2). Ref. [42] presumes that outcomes
are assigned deterministically by the ontic state. Sup-
pose that R(λ) denotes a particular noncontextual de-
terministic assignment to the sum of the triple-products.
Recalling our notational convention that b·cλ denotes a
deterministic assignment (See below Eq. (75f)), we have
(D.3)
R(λ) ≡ bm11m12m13cλ + bm21m22m23cλ
+ bm31m32m33cλ + bm11m21m31cλ
+ bm12m22m32cλ − bm13m23m33cλ.
Any preparation procedure P corresponds to a convex
sum of such assignments,
R(P ) =
∑
λ
R(λ)µ(λ|P ). (D.4)
The inequality of Eq. (D.2) is inferred from the inequality
R(λ) ≤ 4, (D.5)
and the argument presented in favour of the latter is sim-
ply this: recalling that each of the nine mij is assigned
a value in {−1,+1} in an outcome-deterministic assign-
ment, there are 29 possible joint assignments of values to
(m11, . . . ,m33), and for each of these, one can verify that
R(λ) ≤ 4.
We now explain the problem with this argument. The
measurement compatibility relations that serve to define
the operational Peres-Mermin scenario, described around
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Eqs. (42a-42c), imply that for each of the six compatible
triples of measurements, the associated triple of outcomes
that one can obtain in any run of the experiment has a
fixed product. Specifically, this product is −1 for the
triple corresponding to the third column, and +1 for the
other five triples, as noted in Eq. (B.5).
However, for each of the 29 joint assignments to
(m11, . . . ,m33), one can identify a compatible triple which
are assigned values that are inconsistent with the com-
patibility relation that they are meant to satisfy. For
instance, the assignment of the +1 outcome to each of
the nine measurements fails to give the correct product
of outcomes for the third column. In other words, if a set
of nine measurements satisfy the compatibility relations
of the operational Peres-Mermin construction, then none
of the 29 joint assignments of outcomes to these measure-
ments are logically possible assignments.
More formally, the fact that the assignments are
assumed to be deterministic implies that the assign-
ment to the product of the outcome is the product
of the assignments to each outcome, bm11m12m13cλ =
bm11cλbm12cλbm13cλ, and the compatibility relations
that are assumed to hold among the measurements im-
ply that the (bm12cλ, . . . , bm33cλ) must satisfy the con-
straints of Eqs. (75a-75f), which have no solution.
Furthermore, the compatibility relations imply that for
any preparation P , whatever triple of compatible mea-
surements one implements, the outcomes always satisfy
Eq. (B.5), and therefore the expectation values satisfy
these relations as well:
〈m11m12m13〉P = +1,
〈m21m22m23〉P = +1,
〈m31m32m33〉P = +1,
〈m11m21m31〉P = +1,
〈m12m22m32〉P = +1,
〈m13m23m33〉P = −1.
(D.6)
In other words, just as the observables 1⊗ 1 and −1⊗ 1
in quantum theory are trivial insofar as they take the
same value for all states, the triple-product of outcomes
m11m12m13, . . . ,m13m23m33 are trivial operational quan-
tities insofar as they take the same value for all prepa-
rations. Substituting the identities in Eq. (D.6) into
Eq. (D.1), one obtains
R(P ) = 6. (D.7)
Therefore, for any set of measurements satisfying the
compatibility relations of the operational Peres-Mermin
scenario, one will necessarily find this equality to hold.
In particular, we expect Eq. (D.7) to hold no matter
how noisy the measurements are. To see this, it suffices
to note that the equalities of Eq. (B.5) hold for any set
of noisy measurements satisfying the compatibility re-
lations, and this implies that Eq. (D.7) holds for such
measurements as well. For instance, Eqs. (B.5) and (D.7)
hold for the noisy quantum realization of the operational
Peres-Mermin scenario, described in Sec. IV.A.2, for any
amount of depolarization noise. Consequently, if measur-
ing R(P ) to have a value greater than 4 could constitute
evidence for the failure of noncontextuality, then this ev-
idence could be obtained even in the presence of arbitrar-
ily large amounts of noise. This is an indictment of the
proposal of Ref. [42] because a minimal constraint on any
reasonable notion of noncontextuality (first articulated in
Ref. [14]) is that it should not be possible to demonstrate
its failure in a completely incoherent experiment.
To summarize then, our criticism is as follows. The
inequality R(P ) ≤ 4 should not be expected to hold for
any experiment satisfying the compatibility structure of
the operational Peres-Mermin scenario, while the equal-
ity R(P ) = 6 (and hence the violation of R(P ) ≤ 4) is
expected to hold trivially in all such experiments. And
this is the case regardless of whether the experiment ad-
mits of a noncontextual ontological model. As such, the
operational quantity R(P ) contains no information about
whether or not a noncontextual model can describe the
experiment.
The most significant point of contrast between the
proposal of this article and that of Ref. [42] is that
we assume the notion of universal noncontextuality
proposed in Ref. [8], rather than the notion of KS-
noncontextuality. Because universal noncontextuality,
unlike KS-noncontextuality, does not assume outcome
determinism, we are led to consider indeterministic non-
contextual assignments to the measurements. As we saw
above, the fact that there are strictly no determinis-
tic noncontextual assignments respecting the compati-
bility relations of the operational Peres-Mermin scenario
is what makes it futile to attempt to derive constraints
on operational statistics from the assumption of such as-
signments. The assumption is logically ruled out, so an
operational test is neither necessary nor conceivable. On
the other hand, there are many indeterministic noncon-
textual assignments that respect the compatibility rela-
tions, such as the example provided in Eq. (78). These,
therefore, do impose nontrivial constraints on operational
statistics, constraints that are encoded in the noncontex-
tuality inequalities that we have derived.
